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We investigate a dark sector augmentation of the standard model with a
keV-scale right-handed sterile neutrino field N and a TeV-scale singlet scalar
field S. The ("warm") dark matter candidate of the model is the sterile neu-
trino, which is produced from decays of singlet scalars. The dark sector is
coupled to the standard model via the Higgs portal coupling between the
singlet scalar and Higgs H . The momentum distribution function, which
contains the full information about the production process, is obtained for
sterile neutrinos by solving a system of Boltzmann equations. For simplic-
ity, we assume the effective number of relativistic degrees of freedom to be
constant during the dark matter production. We take into account several
constraints from structure formation and cosmology, and find that even this
simple model gives rise to a rich phenomenology. In particular, we find that,
in addition to offering a realistic dark matter candidate, the sterile neutrino
can attain a highly non-thermal momentum distribution in the process. A
direct consequence of this is the inability to assess the impact on the struc-
ture formation with the usual estimators that require a thermal momentum
distribution, such as the free-streaming length. We rely on [72], which uses
the linear power spectrum, instead of the free-streaming length, to estimate
the impact on structure formation. This method also works for non-thermal
momentum spectra. On the side, we discuss the evidence for dark matter,
known problems of the ΛCDM, and the basic production mechanisms in the
early universe. Also a comprehensive, analytical and numerical, reduction of
necessary equations is presented.
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Chapter 1
INTRODUCTION
Throughout its known history, the universe has been expanding – and still is. This
dynamical nature of the universe is the cornerstone of the modern cosmology along-
side the general theory of relativity, which enabled a mathematically consistent way
to model the universe. But to use general relativity in cosmology, several assumptions
are needed - assumptions that will fix the equations to fit to our observed universe.
This chapter gives a quick recap of these assumptions and their consequences.
1.1 Standard cosmology: FLRW-universe
The simplest way to formulate general relativity is by the action principle1. This was
first done by David Hilbert in 1915 and is thus known as the Hilbert action [1]
S =
1
16piG
SH + SM =
∫
d4x
√−g
(
R
16piG
+ LM
)
, (1.1.1)
where we have already included the action for the matter SM and farsightedly chosen
a suitable normalisation for the Hilbert action SH. In above equation gµν is the metric
tensor and g ≡ det(gµν), R is the Ricci scalar, G is the Newton’s gravitational constant
and LM is the Lagrangian (density) of the matter fields of the universe.
Einstein’s field equations are obtained by varying the action with respect to the
metric gµν , resulting in
Rµν − 1
2
Rgµν = 8piGTµν , (1.1.2)
where Rµν is the Ricci tensor and the energy-momentum tensor Tµν is defined from the
variation of the matter part of the action as
Tµν ≡ −2 1√−g
δSM
δgµν
. (1.1.3)
1This section closely follows the book by S. Carroll [1].
1
2The Einstein’s field equations govern how the metric responds to energy and momen-
tum [1], but also determine the metric. But before going any further, we simplify the
metric by taking into account its symmetries.
Models based upon the assumptions that the metric is spatially homogeneous and
isotropic are called Friedmann-Lemaître-Robertson-Walker (FLRW) models and are a
good approximation of the universe at cosmologically large scales [1, 2]. This assump-
tion embodies the fact that each point and direction in the universe looks the same
spatially, but not temporally – as we know that the early universe has been hot and
dense whereas now it is quite the opposite. Now the non-homogeneity of the time
coordinate manifests itself as a universal scale factor a(t) which tells how the differ-
ent time-slices of homogeneous and isotropic universe are related to each other2. The
metric of the FLRW model is called the Roberson-Walker (RW) metric, and it takes the
form [3]
ds2 = dt2 − a(t)2
(
dr2
1−Kr2 + r
2dθ2 + r2 sin2 θdφ2
)
, (1.1.4)
where a(t) is the aforementioned scale factor and K is a parameter describing the spa-
tial curvature. With an appropriate rescaling of the coordinates, K can be chosen to
be +1 −1, or 0 corresponding to positive (open), negative (closed) or zero (flat) spatial
curvature (universe) respectively [1, 3].
Inserting the RW metric into the Einstein’s equation (1.1.2) and assuming the energy-
momentum tensor to take the form of the perfect fluid T µν = diag(−ρ, p, p, p), we get
the Friedmann equations which govern the evolution of a(t) [1](
a˙
a
)2
=
8piG
3
ρ− K
a2
,
a¨
a
= −4piG
3
(ρ+ 3p) , (1.1.5)
where ρ and p are, respectively, the energy density and the pressure of the perfect fluid
and K is already assumed to be rescaled to get values +1, −1 or 0. The conservation of
energy and the momentum then translates into the energy continuity equation
ρ˙
ρ
= −3(1 + p
ρ
)
a˙
a
, (1.1.6)
which can be solved from the Friedmann equations or straight away from the conser-
vation of energy-momentum tensor by requiring∇µT µ0 = 0.
As in any fluid dynamical system, we then need to impose an equation of state
which tells how the pressure and the energy density of the fluid are correlated. Usually
in cosmology a simple equation of state (compare to ideal gas law) is sufficient [1]
p = wρ , (1.1.7)
2In other words, how the maximally symmetric spatial bit of the metric at constant time t0 is related
to another maximally symmetric spatial bit of the metric at time t0 + ∆t. So the scale factor a(t) can be
thought of as an effective measure of time.
3where w = p/ρ is taken to be a constant parameter. Now the energy continuity equa-
tion can be solved to relate the energy density and the scale factor
ρ ∼ a−3(1+w) . (1.1.8)
The energy content of the universe is formed by the matter, radiation and vacuum
energy it contains. By matter we mean any non-relativistic matter component and by
radiation any ultra-relativistic (E  m) matter component. Vacuum energy, or the
cosmological constant, acts as a negative pressure and is responsible of the observed
accelerating expansion of the universe. While this explains the current observations,
not much more about the vacuum energy is known.
Matter, being non-relativistic, has p ρ so its pressure can be neglected resulting in
w = 0. Hence the energy density of matter falls off as the universe expands ρm ∼ a−3.
This is the consequence of each spatial dimension expanding by a factor of a so that
the number density of the matter decreases as the new volume. Radiation on the other
hand also possess a wavelength which, in addition to its decrease in number density
as the universe expands, can red-shift. Hence the energy density of radiation falls like
ρr ∼ a−4 resulting in w = 1/3. A constant vacuum energy ρvac ∼ a0, resulting in
w = −1, is consistent with the current observations [2].
The basic observable quantity in cosmology is the expansion rate of the universe
known as the Hubble parameter H ≡ a˙/a. The present value of the Hubble parameter
H(t0) ≡ H0 is called the Hubble constant and the strictest value of it has been deter-
mined indirectly by the Planck satellite H0 = 67.8± 0.9 km/s/Mpc [4]. Similar, but less
strict, value was obtained from the recent observations of gravitational waves (stan-
dard sirens) H0 = 70.0+12.0−8.0 km/s/Mpc [5] while the value obtained by using the cosmic
distance ladder is H0 = 73.24 ± 1.74 km/s/Mpc [6]. The tension between the Planck
and the cosmic distance ladder results (see Fig. 1.1) is hoped to be resolved as more
standard siren data is gathered. Furthermore, as the standard siren measurements are
independent of the expansion history of the universe while the Planck data does de-
pend on the expansion history, thus their concordance measures the goodness of the
ΛCDM model used in Planck data analysis. Due to experimental uncertainty, the Hub-
ble parameter is often given as H0 = 100h km/s/Mpc, where the scaled observable h is
typically h ≈ 0.7.
4Figure 1.1: Determination of the Hubble constant from the cosmic microwave back-
ground (red), cosmic distance ladder (blue) and gravitational standard siren (green).
Figure from [7].
Another feature of interest the spatial curvature of our universe, i.e. the parame-
ter K in the equation (1.1.5). For this purpose, we define the critical energy density
ρcrit ≡ 3H28piG as the total amount of energy density needed for universe to be flat. This is
evident from the first Friedmann’s equation in (1.1.5). Furthermore, we define the den-
sity parameter Ω ≡ ρ
ρcrit
, which now allows us to write the first Friedmann’s equation
as
Ω− 1 = K
H2a2
. (1.1.9)
The universe is then flat, open or closed if, respectively, Ω is 1, less than 1 or larger than
1. The Planck collaboration has determined, with a good accuracy, the universe to be
flat, i.e. they obtained |ΩK| < 0.005 [4], where |ΩK| ≡ |Ω− 1|.
This model, where the universe is spatially homogeneous, isotropic and flat, is
called the ΛCDM model, or the standard model of cosmology. Its name derives from
its prediction of the existence of vacuum expectation value, or dark energy, and cold
dark matter, which are abbreviated as Λ and CDM respectively. Despite the simplicity
of the model, it gives a good narrative about the formation of the cosmic microwave
background, the large-scale structure of the universe, primordial abundances of light
elements (2H, 3He, 4He, 7Li) and the accelerating expansion of the universe. While
doing so, the ΛCDM model also fits reasonably well to all cosmological observations.
1.2 Equilibrium thermodynamics
In addition to being homogeneous, the early universe was also hot and dense so that
the standard model fields were in thermodynamical equilibrium with each other. This
5equilibrium is well manifested by the spectrum of the cosmic microwave background
(CMB) resembling the perfect blackbody distribution.
In thermodynamical equilibrium the distribution function can be written as [3]
f(p) =
1
e(E−µ)/T ± 1 , (1.2.1)
where + (−) is for fermions (bosons), E2 = |p|2 +m2 is the energy of the particle and µ
and T are the chemical potential and the temperature, respectively.
For a gas of particles with g internal degrees of freedom (DOF), the number density
n, energy density ρ and pressure p are given in terms of the distribution function as
n =
g
(2pi)3
∫
f(p) d3p , (1.2.2)
ρ =
g
(2pi)3
∫
E(p)f(p) d3p , (1.2.3)
p =
g
(2pi)3
∫ |p|2
3E
f(p) d3p . (1.2.4)
Since the universe is not static, its local thermal equilibrium at one moment is not
necessarily maintained to a later moment. This depends on the rate of expansion H
and the rate of interactions Γ that keep the system equilibrated. If the time scale of
interactions is much smaller than the time scale of expansion
tΓ ≡ 1
Γ
 tH ≡ 1
H
, (1.2.5)
the local equilibrium is always reached before the expansion has had time to depart
the system from it.
In the early universe particle species were relativistic, so the energy density is ob-
tained from Eq. (1.2.3) to be
ρ(T ) =
pi2
30
g∗(T )T 4 , (1.2.6)
where the effective number of degrees of freedom for energy density is
g∗(T ) =
∑
bosons
gi
(
Ti
T
)4
+
7
8
∑
fermions
gi
(
Ti
T
)4
. (1.2.7)
The entropy density s ≡ S/V is obtained from E = TS − pV +∑µiNi to be
s =
ρ+ p
T
, (1.2.8)
where we used |µ|i  T . For relativistic particles the entropy density becomes
s(T ) =
2pi2
45
g∗s(T )T 3 , (1.2.9)
where the effective number of degrees of freedom for entropy density is
g∗s(T ) =
∑
bosons
gi
(
Ti
T
)3
+
7
8
∑
fermions
gi
(
Ti
T
)3
. (1.2.10)
6In the equations (1.2.7) and (1.2.10) we have explicitly shown the kinetic temperatures
Ti of each relativistic particle species and T denotes temperature of those species in the
thermal equilibrium. In the case of all species sharing the same temperature and the
equation of state p ≈ 1
3
ρ holds, we have g∗ ≈ g∗s.
1.3 The standard model of particle physics
The standard model (SM) is a quantum field theory describing the strong, weak and
electromagnetic interactions. A quantum field theory is specified by its Lagrangian
density which encodes the field content and the symmetries of the theory. Interac-
tions between the fields can be determined from the Lagrangian density, and are usu-
ally represented graphically as Feynman diagrams. This section presents an auxiliary
overview of the structure of the SM. For more discussion about the symmetries, field
content and interactions in the SM, see [2, 9, 10].
Besides the Poincaré group, the standard model is invariant under the gauge group
SU(3)C × SU(2)L × U(1)Y. The factor SU(3)C describes the strong interactions be-
tween the quarks and the eight gluons, where the latter are the gauge boson of this
gauge group. The electromagnetic and the weak interactions are combined with the
electroweak interactions described by the SU(2)L × U(1)Y gauge interactions, affect-
ing leptons and quarks, and mediated by the gauge bosons W±, Z and γ. All SM
particles, except for the photon, the neutrinos and the gluons, gain non-zero masses
because SU(2)L × U(1)Y is spontaneously broken to U(1)em. This symmetry breaking
is induced by the Higgs boson, which is the only elementary scalar in the theory. Most
notably, this results in non-zero masses for the gauge bosons W±, Z. Despite the fact
that baryons are particles made up of three quarks, in the cosmological context the
standard model particles are collectively referred to as "baryonic matter".
The standard model does not contain gravity, dark matter nor neutrino masses.
Furthermore, it does not account for the observed baryon asymmetry nor the acceler-
ating expansion of the universe.
1.4 Summary of the chapter
In this chapter we have introduced the mathematical framework underlying the fol-
lowing chapters. We described the derivation and the assumptions of the Friedmann’s
equations and discussed the main observable quantities related to it, namely the Hub-
ble constant H0 and the spatial curvature K. In passing, we mentioned the known ten-
sion in the observational value of the Hubble constant. The first section of the chapter
was concluded by gathering the previous assumptions along with observed quantities
under the single model called ΛCDM. The second section covers the basics of equi-
librium thermodynamics needed in the following chapters. In the last section of the
7chapter the standard model of particle physics is shortly described, as it is the model
on top of which the dark matter physics in the following chapters is built on.
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Chapter 2
DARK MATTER
All cosmological evidence seems to point to the existence of much more mass in the
universe than the standard model of the particle physics can account for. The Planck
satellite has observed the dark matter energy density to be ΩDMh2 = 0.1188±0.0010 [4]
while the energy density of baryonic matter is Ωbh2 = 0.02230 ± 0.00014 [4], making
dark matter contribution to be over five times that of baryonic matter.
The dark matter particle, beyond the standard model, is the most promising and the
most tested explanation for this missing mass problem. To seek this elusive unknown
particle with the ever-diminishing parameter spaces would be absurd if not for high
degree of observational evidence in its favour. For this reason yet another framework
for dark matter particle is considered in this work. To summarise the presumed nature
of the dark matter let us make the following dark matter hypothesis:
Dark Matter hypothesis. There exists a new particle that is:
1) Non-luminous (uncharged under electromagnetic force U(1)Y.
2) Non-relativistic at the time of structure formation.
3) Weakly (feebly)-interacting with the visible matter.
4) Stable on cosmological time scales.
Although the evidence for DM is compelling, the direct signal has not been ob-
served, and this leaves room for speculation about the correctness of the dark matter
hypothesis. The current runner-up is (some variation) of modified gravity. While the
modification of gravity could explain some observations, it is unable to account for the
observed Cosmic Microwave Background (CMB) power spectrum in early universe.
2.1 Evidence for dark matter
There exists a compelling amount of evidence supporting the DM hypothesis. This
includes measurements from cosmologically small to large scales. The most important
9
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piece of evidence comes from the early universe, namely the CMB power spectrum.
Also an equally important evidence is the observed mass distribution of galaxy cluster
mergers. These two observational evidence are hard to explain with the framework of
modified gravity, but emerge naturally from the framework of particle dark matter.
2.1.1 Rotation curves
Among the first evidence of DM were the rotation curves of various galaxies [8, and
references therein]. The rotation velocity of galaxy depends on its mass distribution
so, by observing the rotation curve, the mass of the galaxy can be constrained.
An example of a rotation curve is given in the figure Fig. 2.1, where the amount of
luminous matter within the galaxy is approximately known from telescope surveys. By
using newtonian dynamics, we can solve the resulting rotation curve, which give the
dashed line in Fig. 2.1. As expected, further away from the centre we are, the less mass
there is, and M(r) decreases, and hence v(r)2 ∼ M(r)/r decreases. But when we mea-
sure the rotation velocity of the galaxy and plot it along with the predicted luminous
curve, we find that as the radius r grows the rotation velocity v(r)2 seems to approach
a constant. The evident discrepancy between the predicted and observed curves can-
not even be accounted for the addition of faint gas within the galaxy (dotted line in
Fig. 2.1). This clearly speaks for the existence of a non-luminous matter component
and, in fact, if we assume presence of a spherical dark matter halo around the spiral
galaxy, we get the dash-dot line of Fig. 2.1. Fitting all three components together then
gives the solid line which agrees well with observations. From this we conclude that
galaxies are embedded in a halo of dark matter. Furthermore, let the mass distribution
of dark matter scale as ρ(r) ∼ rn at large radii, leading to additional mass contribution
mDM(r) =
∫
V
ρ(r)dV ∼ rn+3. Then v(r)2 ∼ mDM(r)/r ∼ rn+2 suggests that a constant
value at large radii is reached if the dark matter halo’s mass distribution scales as r−2
at large radii.
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parameters. In agreement with the results of Kent (1987) and 
Begeman (1987), it is also found here that, with the exception 
of the low-luminosity dwarfs, the visible component makes 
Extended rotation curves of spiral galaxies 527 
the dominant contribution to the gravitational force within 
the bright optical disc (Table 2, column 5); i.e., the discrep- 
ancy is typically small within two or three disc scalelengths. 
Moreover, the appearance of flat rotation curves does in 
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Figure 1. Three-parameter dark-halo fits (solid curves) to the rotation curves of sample galaxies. The rotation curves of the individual 
components are also shown: the dashed curves are for the visible components, the dotted curves for the gas, and the dash-dot curves for the 
dark halo. The fitting parameters are the mass-to-light ratio of the disc (M/L ), the halo core radius (rc), and the halo asymptotic circular velocity 
( Vh). The galaxies from the sample of Begeman are shown in (a) and the lower luminosity galaxies in (b). Best-fit values for the free parameters 
are given in columns 2, 3 and 4 of Table 2. 
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Figure 2.1: Left panel: Rotation curve of individual components of mass for dwarf
spiral galaxy NGC 6503. The dashed curve accounts the luminous matter, the dotted
curve is for the gas (not necessarily visible) present in the galaxy and the dash-dot
curve comes by assuming the a dark matted halo around the spiral galaxy. Solid curve
is the fitted result of the previous ones. Figure from [11]. Right panel: Hubble Space
Telescope image of the spiral galaxy NGC 6503. Figure by NASA & ESA.
2.1.2 Galaxy cluster surveys
The more modern way to determine the amount of mass within e.g. galaxy clusters is
by gravitational lensing [12]. The effect of lensing is caused by a mass curving space-
time and thus bending the geodesics on which light propagates (see Fig. 2.2). From this
bending of light rays we can accurately figure out the total mass of the lens. Surveys
that probe masses of galaxy clusters this way consistently find much more mass than
what can be accounted for by luminous matter [13–15].
12
Figure 2.2: Left panel: an illustration of the concept of gravitational lensing. Figure
by NASA, ESA & L. Calçada. Right panel: lensing effect seen by the Hubble Space
Telescope. The two yellow galaxies in the middle are SDSSCGB 8842.3 and SDSSCGB
8842.4 and the arcs around them are caused by the strong gravitational lensing effect.
Figure by NASA & ESA.
2.1.3 Galaxy mergers
One of the most intriguing pieces of evidence1 for dark matter comes from galaxy
mergers, which are intense collisions of two galaxy clusters. They are among the
most energetic events in the universe with the highest shock velocities measured at
∼ 4500 kms−1 [39]. The shock velocities that high can be produced even if the infall
velocity of the mass centroid is only ∼ 2600 kms−1 [40]. The Fig. 2.3 shows a particu-
lar galaxy merger known as the bullet cluster. It its evident that most of the luminous
matter lies in the middle of the bullet cluster, still going through the collision process,
whereas most of the mass of the bullet cluster is offset from the luminous matter lying
in the outer regions of the newly formed cluster. This infers to a conclusion that the
dark matter haloes of the initial clusters have passed through each others and the lu-
minous matter without experiencing much of the ram pressure. The luminous matter,
on the other hand, is left behind due to the drag of the ram pressure of oncoming lu-
minous matter. For this to happen, the interactions of dark matter with itself and the
luminous matter must be sufficiently weak.
1Although the galaxy mergers seem like adamant evidence for the existence of dark matter particles,
they have also been used as evidence against the particle dark matter hypothesis. This will be discussed
in more detail in Chapter 2.2.4.
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Figure 2.3: On the left: Multichannel composition image of galaxy cluster 1E 0657-556.
Optical data showing stars and galaxies, X-ray data showing the distribution of hot gas
coloured red, and gravitational lensing data showing the mass distribution coloured
blue. Figure by NASA2. On the right: essentially the same image but now showing
only the colour-coded X-ray intensity and a map of gravitational convergence from
gravitational lensing. Figure from [15].
2.1.4 CMB temperature fluctuations
The cosmic microwave background offers a snapshot of the universe at the time of
recombination i.e. when the photons could finally stream freely. The CMB pattern de-
pends on the energy content of the universe at that moment and is seen to be isotropic
to a high degree, see Fig. 2.4. From the small anisotropies in CMB we can deduce
the energy content of the universe. More precisely, these anisotropies constrain the
form of the angular power spectrum (see Fig. 2.5) in a way that depends discreetly
on the magnitude of various energy densities in the universe. From the observed an-
gular power spectrum, Fig. 2.6, the energy density of dark matter has been measured
to be ΩDMh2 = 0.1188 ± 0.0010 [4] and the energy density of baryonic matter to be
Ωbh
2 = 0.02230 ± 0.00014 [4]. Thus, because ΩDM/Ωb ≈ 5.33, there is over five times
more dark matter than baryonic matter in the universe.
2X-ray: NASA/CXC/M.Markevitch et al.; Optical: NASA/STScl; Magellan/U.Arizona/D.Clowe et
al.; Lensing Map: NASA/STScl; ESO WFI; Magellan/U.Arizona/D.Clowe et al.
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Figure 2.4: Anisotropy map of the CMB. The figure shows the temperature fluctuations
around the mean temperature of the whole sky. The galactic foreground and its dipole
caused by motion of our Local Group with respect Hubble flow have been subtracted.
A small strip of the galactic plane, 1.6% of the sky in the centre, is filled in by a con-
strained realisation that has the same statistical properties as the rest of the sky. Figure
by ESA/Planck Collaboration.
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Figure 2.5: Angular power spectrum for different fractions of dark matter density (the
white bar on the right). The acoustic peaks of the power spectrum are very sensitive
to the amount of dark matter. Figures from http://background.uchicago.edu/
~whu/intermediate/driving2.html
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Figure 2.6: Measured and fitted angular power spectrum. The red dots are measure-
ments made with Planck satellite and the green curve represents the best fit of the
ΛCDM to the Planck data. Picture by ESA and Planck Collaboration.
2.2 Problems of the dark matter hypothesis
2.2.1 Missing satellites
Originally, in late 90’s, it appeared that N-body simulations of dark matter done in the
framework of ΛCDM predict more substructure, numbering in the 100s (for example
[16] found∼ 500 satellites of the Milky Way), than what has been observed, numbering
in∼ 10. This obvious discrepancy is called as the missing satellites problem (MSP) [17,
18]. Since then the observed satellite count has increased to ∼ 50 [19] and other study
even found the Sloan Digital Sky Survey data to be consistent with the simulations
(e.g. [20]).
Since the MSP originates from DM simulations which do not contain baryonic mat-
ter, it has been also noted that adding the baryonic physics might resolve the prob-
lem [21, 22]. Furthermore even the precise prediction of ΛCDM might be off, since we
do not know the true nature of DM. For example, replacing the cold dark matter with
a warm dark matter model, e.g. keV sterile neutrino, would result to fewer satellites
as some of the small scale structure would be "washed" away.
In the light of the significant uncertainties within the MSP, it is not regarded as an
insurmountable dilemma for DM but rather as a result of incomplete analysis – which
a decent DM model ultimately has to account for.
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2.2.2 Too big to fail -problem
The "too big to fail" problem [23, 24] highlights the fact that the same simulations that
originate the MSP also predict these missing DM satellites to be massive enough to
likely inhabit visible stars thus making them easy to detect. On the other hand, the
smallest galaxies within the Milky Way seem to have a lot less dark matter than the
simulations predict [25].
The too big to fail problem, like the MSP, could unravel by inclusion of baryonic
physics into the simulations [22]. Also just having a warmer model of dark matter
might be the solution [26]. Other suggested solutions to dilute the ΛCDM satellite
density range from the relatively low mass of the dark matter halo of the Milky Way to
the dark matter self-interactions, with a possibility of coupling to the radiation [27, and
references therein].
2.2.3 Galactic Cusp vs. Core
The density profile of dark matter haloes at small radii have been observed to go like
ρ(r) ∼ rα, where α ∼ 0, resulting in flattening core-like profile, but in the meantime it
is well established that in the ΛCDM simulations haloes of all masses develop profiles
which have a central cusp ρ ∼ r−β, where β ∼ 1. This failed prediction is known as
the cusp vs. core problem [28–31].
Suggested solutions range from baryon physics [22, 29, 32, 33] to (cold) dark matter
self-interactions [34–36] and more recent proposals of warm dark matter [37, 38].
2.2.4 Rarity of high velocity cluster mergers
Bullet-like cluster mergers are normally thought to be undisputed evidence for the
existence of non-baryonic dark matter particle described by models like ΛCDM. Given
the model of dark matter, we can ask how probable it is for the hydrodynamical and
N-body dark matter simulations to produce events like bullet clusters and compare
this to the actual observed occurrence in the universe.
The issue with bullet-like cluster mergers is that the observed shock velocities, ∼
3000 . . . 4500km s−1, seem to be too high to be reached in ΛCDM simulations [39]. In
early works (for massive ∼ 1014M haloes) the occurrence probability for these high
velocity cluster mergers was obtained to be of the order of 10−11 . . . 10−8 [41, 42]. More
recent and refined studies have found the occurrence probability to be higher, of the
order of 10−4, and have come to conclusion that the bullet-like cluster mergers do not
present a challenge to the ΛCDM model [44, 45]. In [22] it is noted that the observed
shock velocity of ∼ 4500 kms−1 can be reached even with the infall velocity as low as
∼ 2600 kms−1, thus obsolescing the more extreme velocity searches.
Alongside with shock velocity differing from the infall velocity, the main confusion
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in determining the compatibility of bullet clusters and ΛCDM comes from the way the
bullet clusters are searched for in simulations, the chosen limits of the simulations, and
the way the occurrence probability is defined. Earlier studies use the friends-of-friends
(FOF) based algorithm which has a hard time distinguishing two haloes from each oth-
ers at the moment of collision, which results in these events being neglected [39, 44].
More enhanced studies account for the high relative velocity of colliding haloes by
probing the phase space. This method can easily distinguish these ongoing collisions
as cluster mergers rather than a single halo [43, 45]. Also, in the earlier works, the oc-
currence probability is ill-defined, as it is roughly the number of extreme high velocity
bullet clusters over the number of all colliding clusters. This makes the occurrence
probability strongly dependent on the chosen parameters of the simulation, and it is
not directly related to likelihood of observing such an object in the sky. For example,
increasing the mass cut in the simulation results in less collisions in the system, but in-
creases the probability, even though the lesser halo density in the system should reduce
the number of seen bullet-like events [43].
This issue is well explained in [43], and the subject is investigated further in Refs.
[46–50].
2.3 Dark matter genesis
This section, mostly following [51], briefly covers the most important production mech-
anisms that can yield the observed dark matter abundance. For more production mech-
anism variants see the aforementioned reference and references therein. The effort is
to explain how the observed dark matter abundance can arise from the interplay of
expansionary cooling of the universe and interactions between the dark and visible
sectors. The visible sector consists of the standard model fields and the dark sector
consists of fields beyond that, including dark matter. In the very early universe the
Standard Model fields within the visible sector are in thermal equilibrium with each.
The relevant production mechanism of dark matter is determined by the interaction
strength between the dark matter and the visible sector heat bath, which either brings
the dark matter into equilibrium with the visible sector or not. In the case that dark
matter species reaches the thermal equilibrium with the visible sector but would never
depart from it, its present day abundance would be absolutely negligible due to the
Boltzmann suppression n/s ∼ (m/T )3/2 exp(−m/T ) [3].
The evolution of dark matter number density is governed by the Boltzmann equa-
tion [3]
dn
dt
+ 3Hn =
g
(2pi)3
∫
C[f ]
d3k
E
, (2.3.1)
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which is here given in terms of number density n, but is introduced and discussed in its
more general form in Appendix A. The 3Hn term accounts for the dilution effect from
the expansion of the universe, and the right-hand side accounts for the interactions
that change the total number of particles. The right-hand side is known as the collision
term of the Boltzmann equation and its general form is reported only in Appendix A.
2.3.1 Freeze-out
If the coupling between the two sectors is strong enough, the dark sector will reach the
thermodynamical equilibrium with the visible sector heat bath. The coalition follows
the thermic behaviour of cooling universe until the interaction rate of the interactions
that keep the dark sector and the visible sector equilibrated becomes dwarfed by the
Hubble expansion rate. At that point the comoving number density of the relevant
dark sector species freezes out to a constant value. Note that the dark sector can contain
other fields besides the one reaching the equilibrium with the visible sector and these
other fields are not necessarily in the equilibrium state.
The freeze-out mechanism requires roughly a weak scale coupling, y ' O(0.1) to
yield the observed dark matter abundance [51]. This has caused the dark matter pro-
duced by the freeze-out mechanism to be called the WIMP (Weakly Interacting Massive
Particle).
The simplest case of thermal freeze-out of dark matter, labeled χ, assumes a stable
Majorana dark matter particle (χ = χ) with no large self-interactions. In this scenario,
the relevant processes are the annihilations χχ → ff and the inverse annihilations
ff → χχ for some Standard Model fermion f , as they are the only processes that can
change the particle number of χ in the comoving volume. For the case of asymmetric
dark matter see [52–54], and for the case of dark matter with relevant self-interactions
see [54–58].
The Boltzmann equation in this simple scenario is [3]
dnχ
dt
+ 3Hnχ = −〈vσχ〉
[
n2χ − (neqχ )2
]
, (2.3.2)
where 〈vσχ〉 is the thermal average of the total annihilation cross section times velocity
[3,59], nχ is the dark matter number density and neqχ is the dark matter number density
value at equilibrium.
Before solving the freeze-out equation (2.3.2), we can already deduce the behaviour
dark matter number density at the high and low temperature limits. At temperatures
well above the dark matter mass T > mχ the equilibrium number density goes like
neqχ ∼ T 3 and assuming most of the dark matter production to take place during the
radiation dominated era when H ∼ T 2/Mpl, the Hubble term can be neglected. Then
looking for a steady state by setting the derivative term to zero3 we find that the num-
ber density is driven towards the equilibrium value nχ → neqχ .
3By this way we are looking for the steady state to which the dark matter number density is driven.
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As the temperature cools below the dark matter mass T < mχ the equilibrium
number density becomes exponentially suppressed neqχ ∼ exp(−mχ/T ) and also the
thermally averaged cross section becomes less important. Then the collision term on
the right hand side of Eq. (2.3.2) can be neglected, and the comoving number density
freezes out to a constant value: n˙χ = −3Hnχ, and H = a˙/a dominates the evolution
resulting in expansionary dilution of the number density nχ ∼ a−3.
It is a common practice to recast Eq. (2.3.2) in terms of the dimensionless parameters
Y ≡ nχ/s and x ≡ mχ/T , where s and T are the entropy density and temperature of the
visible sector. Y is called as the yield. Also, to get a rough picture, it is often sufficient
to assume the relativistic degrees of freedom remain constant during the dark matter
production. Then the freeze-out equation can be cast as [3]
x
Yeq
dY
dx
= − Γ
H
[(
Y
Yeq
)2
− 1
]
, (2.3.3)
where Γ ≡ neq 〈vσχ〉 is the effective interaction rate between the dark matter and ther-
mal bath particles. The freeze-out process is depicted in the left panel of Fig. 2.7.
There the yield Y goes through the same evolution as described for number density n
above: in the region H < Γ the dark sector rapidly equilibrates with the visible sector
and Y ' Yeq, but at H ' Γ the annihilations shut off and the dark matter abundance
freezes out.
From Eq. (2.3.3) an approximate solution for the present-day dark matter abun-
dance is [3]
Ωχh
2 ' 1.07× 109
√
g∗
g∗s
(n+ 1)xfGeV
−1
MPl 〈vσχ〉 , (2.3.4)
where g∗ and g∗s are the effective numbers of relativistic degrees of freedom for the
entropy and energy densities respectively, MPl = 1/
√
8piG is the reduces Planck mass,
and (n+ 1) comes from the expansion of the thermally averaged cross section 〈vσχ〉 '
σnx
−n and n = 0 for s-wave annihilation, n = 1 for p-wave annihilation etc. This
approximation holds only if the dark matter is non-relativistic at the time of freeze-out
xf , which can be defined as the point where |3Hnχ| '
∣∣〈vσχ〉 [n2χ − (neqχ )2]∣∣.
At least five exceptions are known where the basic freeze-out calculation fails or
needs more subtlety: the coannihilation, the annihilation into forbidden channels, and
the annihilation near poles [60], the semi-annihilations [62–64], and the co-scatterings
[65].
2.3.2 Freeze-in
In contrast to the freeze-out, in the freeze-in mechanisms the dark matter abundance is
produced out-of equilibrium. The freeze-in production of dark matter occurs when the
This state is of course steady in a sense that it is rapidly stabilised right after the expansion has shaken
the stability.
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Figure 2.7: The freeze-out (on the left) and the freeze-in (on the right) production of
dark matter for three different interaction strenghts Γ (coloured solid lines). The arrows
indicate the effect of increasing the interaction rate Γ. In the left panel x = mχ/T
and gray dashed line is the equilibrium density of dark matter. In the right panel
x = mσ/T , where σ is the particle decaying into dark matter and gray dashed line is
the equilibrium density of σ. Figure from [51].
interactions between the dark and visible sectors are too weak, typically y . O(10−7)
[66, 67], to equilibrate the dark matter with the visible sector heat bath [68, 69]. The
dark matter abundance generated this way is generally called as the FIMP (Feebly
Interacting Massive Particle).
In the simplest case of non-thermal freeze-in, the initial number density of dark
matter is negligible and the final abundance is produced by bath particle decays e.g.
σ → χχ, where σ is a particle in the visible sector heat bath and χ is the dark matter
particle [51, and references therein]. The freeze-in production is active until all σ par-
ticles have decayed or until the number density of σ becomes Boltzmann-suppressed,
nσ ∼ exp(−mσ/T ). As the freeze-in production of dark matter shuts off, the comoving
number density of dark matter freezes in to a constant value, as depicted in the right
panel of Fig. 2.7.
In the case of dark matter production by decays of bath particles σ → χχ, the Boltz-
mann equation is
dnχ
dt
+ 3Hnχ =
∫
dΠσdΠχ1dΠχ2(2pi)
4δ(4)(pσ − pχ1 − pχ2)
×
[
|M|2σ→χχfσ (1± fχ1) (1± fχ2)− |M|2χχ→σfχ1fχ2 (1± fσ)
]
, (2.3.5)
where + (-) applies for bosons (fermions), the matrix element squared |M|2 is averaged
over initial and final states, fi is the phase space density of particle species i, and the
phase space measure for the particle species i possessing gi internal degrees of freedom
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is denoted as
dΠi ≡ gid
3pi
(2pi)32Ei
. (2.3.6)
Assuming the initial dark matter abundance to be negligible, so that we may set fχ = 0,
and applying the definition of the particle decay width for the process σ → χχ:
Γσ→χχ ≡ gσ
2mσ
∫
Πχ1Πχ2(2pi)
4δ(4)(pσ − pχ1 − pχ2)|M|2σ→χχ , (2.3.7)
the Boltzmann equation (2.3.5) can be cast as
dnχ
dt
+ 3Hnχ =
gσm
2
σΓσ→χχ
2pi2
TK1(mσ/T ) , (2.3.8)
and its approximative solution for the relic abundance in this case is [69]
Ωχh
2 ≈
(
1.09× 1027gσ
g∗s
√
g∗
mχΓσ→χχ
m2σ
) ∣∣∣
T'mσ
. (2.3.9)
To estimate the required coupling strength y between the σ and χ, we let g∗s ' g∗ and
Γσ→χχ ' y2mσ/(8pi), yielding [51]
y ' 10−12
(
Ωχh
2
0.12
)1/2 ( g∗
100
)3/4(mσ
mχ
)1/2
, (2.3.10)
which is in good concordance with the initial assumption that the dark sector never
equilibrates with the visible sector due to the feeble interaction strength coupling them.
2.3.3 Dark freeze-out
The final abundance of dark matter is not solely determined by the initial freeze-in or
freeze-out from the visible sector, but interactions within the dark sector can also play
an important role [51, and Refs. therein].
If the interactions of dark matter within the dark sector are strong enough, they
can produce a thermal equilibrium within the dark sector that differs from that of the
visible sector. This can be relevant even if the dark sector consists only of the dark
matter itself. The so-called dark freeze-out happens when the dark matter particles
depart from the dark sector thermal equilibrium and their final abundance freezes out.
Depending on the interactions within the dark equilibrium, the dark matter abundance
after the dark freeze-out can differ significantly from the initially produced abundance
by freezing in/out from the visible sector.
The number changing interactions of dark matter can alter its abundance and mo-
mentum distribution. Using the example from [51]: in the equilibrium the number
changing processes 2→ 4 and 4→ 2 occur at the same rate, but when the dark matter
becomes non-relativistic the 2 → 4 scatterings shut off while the 4 → 2 annihilations
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maintain the dark matter number density in equilibrium value. This so-called canni-
balisation of dark matter reduces its number density while increasing the average mo-
mentum i.e. the dark matter heats itself by transferring its momentum and rest-energy
of the annihilating particles to lesser amount of particles.
In the above consideration, the entropy is conserved within the dark matter species,
but having more than one particle species in the dark sector allows entropy transfer
between the different species, making the structure more complicated. Then the final
abundance depends on couplings and masses of dark sector species, as well as the
couplings to the visible sector. An example and more details about the dark freeze-out
are given in Chapter 5, where the results of our model are presented.
2.4 Summary of the chapter
In this chapter we constructed the dark matter hypothesis and discussed the observa-
tional evidence supporting it. We briefly reviewed the known discrepancies related to
the dark matter hypothesis and noted that many of them may arise due to uncertain-
ties or incompletion in numerical analysis. On the other hand the ΛCDM model might
require modification to over come these issues. Then the basic production mechanisms
of dark matter, the freeze-in and freeze-out, are presented. Also the dark freeze-out is
shortly covered, but is discussed in more detail at Chapter 5 alongside with numerical
results obtained from the model described in Chapter 3.
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Chapter 3
STERILE NEUTRINO DARK MATTER
FROM SINGLET SCALAR DECAYS
In this chapter we concentrate on a widely studied model of warm dark matter moti-
vated by neutrino physics: a sterile neutrino νs with a keV-scale mass. This chapter is
based on [71], which was the first to advance the study of dark matter in terms of mo-
mentum distribution functions. The topic was further expanded by the same authors
with less stringent assumption in [72].
The intent of this chapter is to solve the momentum distribution function of sterile
neutrino dark matter produced by the decays of singlet scalars. This is done under an
assumption of vanishing active-sterile mixing between the neutrinos.
Allowing the active-sterile mixing would allow some sterile neutrino dark matter
production also by non-resonant active-sterile transitions via the DW mechanism, as
first proposed by [73–75] and applied to dark matter by Dodelson and Widrow [76].
The DW mechanism cannot act as the sole production mechanism for sterile neutrino
dark matter, but it can cause at most a few percent modification to relic abundance of
sterile neutrinos produced mainly by some other mechanism [51, 77]. Nevertheless,
in the Shi-Fuller (SF) mechanism, it is possible to produce the correct relic abundance
of sterile neutrino dark matter just by active-sterile transitions if the transitions are
resonantly enhanced by the presence of a primordial lepton number asymmetry in
the early universe. This resonant active-sterile mixing was first proposed by [78] and
applied to dark matter by Shi and Fuller [79].
Although the SF mechanism can produce the correct relic abundance, it still re-
quires a sizeable primordial lepton asymmetry between the particle and antiparticle
number densities [80]:
Lα ≡ nνα − nνα
nγ
= O(10−4) , (3.0.1)
where α is the flavour index and nγ is the photon number density. Such a primordial
lepton asymmetry has not been verified, as it remains much below the probe of current
searches with light element abundances, which only see up to Lα ∼ 0.1 [80]. The
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lepton number asymmetry should also be much more extreme than measured (and
still unexplained) baryon number asymmetry [81]
ηB ≡ nB − nB
nγ
≈ (6.160± 0.148)× 10−10 . (3.0.2)
On the grounds of above discussion, we will continue with the assumption of van-
ishing active-sterile neutrino mixing: as the SF mechanism is not fully excluded, it is
threatened by big-bang nucleosynthesis [71], and the DW can only give minute correc-
tions to sterile neutrino dark matter.
3.1 Setting up the model
In the general sense, our model contains the Standard Model visible sector augmented
with the dark sector consisting of two new particles, a parent particle χP and an off-
spring decay product χO. Both particles in the dark sector can contribute to the final
dark matter abundance, but in our framework the offspring particle χO is assumed
to serve this purpose solely. Also both χP and χO can couple to some SM degree of
freedom (DOF), denoted as XSM, resulting to following interaction processes1:
• XSMXSM ↔ χPχP : 2-to-2 scatterings of SM particles to DM parent particles and
their reverse process.
• XSMXSM ↔ χOχO: 2-to-2 scatterings of SM particles to DM offspring particles
and their reverse process.
• XSM ↔ χPχP : decays of SM particle into DM parent particles and their reverse
process.
• XSMXSM ↔ χO: decays of DM offspring particles into SM particles and their
reverse process.
• χP ↔ χOχO: decays within the dark sector from parent particle to offspring par-
ticles and their reverse process.
• χPχP ↔ χOχO: 2-to-2 scatterings within the dark sector between the parent par-
ticles and the offspring particles and their reverse process.
The dynamics of the SM DOF is governed by the effective number of entropy DOF,
g∗s(T ), which contains the information of decouplings of SM species from the visible
sector heat bath due the Hubble expansion.
1Possible number changing processes within the particle species (i.e. χχχ → χχ), known as the
cannibalisation, are not taken into account.
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In our model, which is based on the model from [71], we assume the dark sector to
consist of a real singlet scalar field S and a right-handed sterile neutrino field N . The
visible and dark sector interact through the Higgs portal coupling λ between the sin-
glet scalar S and the Higgs H via the most generic scalar potential under an assumed
global Z4-symmetry:
Vscalar = −µ2HH†H −
1
2
µ2SS
2 + λH(H
†H)2 +
λs
4
S4 + 2λ(H†H)S2 , (3.1.1)
and within the dark sector the scalar and the neutrino are coupled via the explicitly
Z2-breaking Yukawa coupling y:
L ⊃ −y
2
SN cN + h.c. (3.1.2)
For a non-zero vacuum expectation value (VEV) 〈S〉 of the scalar, the neutrino gets a
Majorana mass mN = y 〈S〉, and assuming the scalar VEV to be a rather large 〈S〉 ≈
O(GeV)−O(TeV) would require the Yukawa coupling to be y ∼ 10−9 − 10−5 in order
to have a keV-scale sterile neutrino [71].
The complete Lagrangian of our model is
L = LSM +
[
i
2
N /∂N +
1
2
(∂µS)(∂
µS)− y
2
SN cN + h.c.
]
− Vscalar + Lν , (3.1.3)
where Lν denotes the Lagrangian giving mass to active neutrinos. The same model is
considered in [71, 72] and similar models are considered in [82–84].
Furthermore, our model adds some constraints to the possible interaction processes
mentioned in the beginning of this chapter, which we will now analyse. The singlet
scalar acts now as the parent particle in the dark sector and the sterile neutrino as its
offspring particle.
• Firstly, since the sterile neutrino is assumed to not be coupled to the SM heat
bath, reaction terms XSMXSM ↔ χOχO and XSMXSM ↔ χO are not present in our
model. In general, any decay channel of the meant-to-be dark matter particle χO
should be limited by the required stability of dark matter.
• Secondly, we assume the singlet scalar to be much more massive than the Higgs,
ms ≈ O(GeV)−O(TeV), and the sterile neutrino to be in the keV scale. This shuts
off the decay channelXSM → χPχP and the scattering channel χOχO → χPχP due
to mass hierarchy between the particles.
• Thirdly, the 2-to-2 processes χPχP ↔ χOχO within the dark sector are absent
since they are proportional to y4 and hence suppressed by the smallness of the
Yukawa coupling y.
• Lastly, due to heavily suppressed kinematics of the phase space of any 2-to-1
process, also χPχP → XSM and χOχO → χP are absent.
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We have summarised the above discussion about the interaction processes of our model
in the chart below.
Open channels Closed channels
HH → SS HH ↔ NN
S → NN H → SS
SS ↔ NN
SS → H
NN → S
Without our underlying approximation of vanishing active-sterile mixing between the
neutrinos, we would need to take other interaction channels into account as well.
3.2 Solving the Boltzmann equation for the particle spec-
tra
We wish to solve the momentum distribution function fi from the Boltzmann equation
L˜[fi] = C˜[fi] , (3.2.1)
where i = S,N labels the real singlet scalars S, and the right-handed sterile neutrinos
N . The general form of the collision term C˜[fi] along with derivation of the Liouville
term L˜[fi] are reported in Appendix A.
As shown in Appendix B, the change of variables tox ≡ pT ,r ≡ ms
T
,
(3.2.2)
allows us to write the Liouville operator on the left-hand side of (3.2.1) as
L˜ =
∂
∂t
−Hp ∂
∂p
=
dr
dT
dT
dt
∂
∂r
, (3.2.3)
where we have assumed the both energy and entropy degrees of freedom to be con-
stant. As discussed in the previous section, processes that affect to the spectra of scalars
are hh → SS, SS → hh and S → NN , and the spectrum of neutrinos is affected only
by the decays from scalars S → NN . Equation (3.2.1) can now be written as
dr
dT
dT
dt
∂fS
∂r
= CShh→SS + C
S
SS→hh + C
S
S→NN ,
dr
dT
dT
dt
∂fN
∂r
= CNS→NN .
(3.2.4)
Note that using Eq. (3.2.2) and the time-temperature relation (g∗ being constant) dTdt =
−HT , we get dr
dT
dT
dt
= mS
M0
T , where use the same definition of M0 as [71]:
M0 ≡
(
45M2Pl
4pi3g∗
)1/2
= 7.35g−1/2∗ × 1018GeV. (3.2.5)
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Explicit derivation of the collision terms in Eq. (3.2.4) are done in Appendix C.
For the scalar part of Eq. (3.2.4) we get the following integro-differential equation
∂fS(x, r)
∂r
=
M0
mST
[
T
|M|2hh→SS
256pi4
e−
√
x2+r2
√
x2 + r2
· F(x, r, ξ)
− T |M|
2
SS→hh
256pi4
fS(x, r)√
x2 + r2
∫
d3x′ G(x′, x, cos θ, r, ξ)fS(x′, r)
− T r
2
√
x2 + r2
ΓS→NN
mS
fS(x, r)
]
, (3.2.6)
where the kinetic functions F(x, r, ξ) and G(x′, x, cos θ, r, ξ), as well as the matrix el-
ements |M|2SS→hh, |M|2hh→SS , and the decay width ΓS→NN are given in Appendix C.
Here θ is the angle between the two Higgs h(x), h(x′), and ξ ≡ mh/ms.
For the neutrino part of Eq. (3.2.4) we get
∂fN(x, r)
∂r
=
M0
mST
2rΓS→NN
x2
x′max∫
x′min
dx′
x′√
x′2 + r2
fs(x
′, r)
 , (3.2.7)
where the integration limits are determined by energy conservation, which requires∣∣∣2EpEk−m2S2|p||k| ∣∣∣ ≤ 1, and where p = x′T and k = xT are the momenta of the scalar and the
neutrino respectively.
Then we will introduce two new dimensionless auxiliary quantities which will span
our parameter space:CHP ≡ M0mS λ
2
16pi3
(effective Higgs portal) ,
CΓ ≡ M0mS ΓmS (effective decay width) .
(3.2.8)
In a more general picture, these new effective parameters can deviate from the Higgs
portal coupling λ and the Yukawa coupling y (here Γ ∼ y2) due to depletion of en-
ergy degrees of freedom g∗(T ), but we assume this depletion to be negligible at the
time of dark matter production. This sets M0 to be constant, and hence the effective
parameters inherit their values directly from the Lagrangian level parameters y and λ.
Furthermore, we will now apply the assumed mass hierarchy i.e. we will employ our
a-priori assumptions of a keV sterile neutrino and a heavy GeV − TeV singlet scalar as:
mN  mh  mS , (3.2.9)
which leads to ξ  1. Under these assumptions the scalar equation (3.2.6) becomes
∂fS(x, r)
∂r
=
CHP e
−√x2+r2
√
x2 + r2
rK1(r)− CHP fS(x, r)√
x2 + r2
∞∫
0
dx′
x′2√
x′2 + r2
fS(x
′, r)− CΓ r
2
√
x2 + r2
fS(x, r) ,
(3.2.10)
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and the neutrino equation (3.2.7) becomes
∂fN(x, r)
∂r
= 2CΓ r
2
x2
∞∫
∣∣∣x− r24x ∣∣∣
dx′
x′√
x′2 + r2
fS(x
′, r) . (3.2.11)
Equations (3.2.10) and (3.2.11) are the culmination of our analytical reduction and nu-
merical treatment is required for their precise solutions. Nevertheless, further analyti-
cal solutions can be achieved [71], but only in an approximative manner, and ultimately
these only verify the behaviour of the numerical solution in a given region.
In general, Eqs. (3.2.10) and (3.2.11) form a system of non-linear partial integro-
differential equations as, depending on the relevant collision terms, each equation can
depend on the other’s solution in a highly non-trivial manner. Fortunately, under our
current assumptions, the two equations are decoupled in the sense that Eq. (3.2.10)
depends solely on the scalar distribution function fS(x, r) and Eq. (3.2.11) does not
depend on the neutrino distribution function fN(x, r) at all. This can be used to our
benefit, as we may now solve (numerically) the scalar distribution function from Eq.
(3.2.10) and then plug it into the integrated form of the neutrino equation [71]:
fN(x, r) =
r∫
0
dr′ 2CΓ r
′2
x2
∞∫
∣∣∣x− r′24x ∣∣∣
dx′
x′√
x′2 + r′2
fS(x
′, r′) . (3.2.12)
Although the form of Eq. (3.2.12) is very suggestive, we do not encourage its use: since
in the more general situations, e.g. [72], one does not have such a luxury available, so
it is more useful to not use it in here either. Instead, we implement Eqs. (3.2.10) and
(3.2.11) in this (pseudo-) coupled form, in anticipation of future works.
3.3 Summary of the chapter
In this chapter, we have briefly motivated the model of sterile neutrino dark matter
and discussed how it could have been produced in the early universe. We laid out our
minimally-extended Standard Model Lagrangian with the Higgs portal coupling be-
tween the visible and the dark sector and discussed the arising phenomenology. Based
on these considerations, we derive the system of Boltzmann equations to be solved
numerically at the level of momentum distribution functions. The chapter concludes
with the anticipative understanding of the numerical solutions presented in Chapter 5.
Up to now we have been busy describing our model and deriving the relevant equa-
tions i.e. Eqs. (3.2.10) and (3.2.11). The model, however, should concord with the
observed universe, and to ensure this we must know how the different aspects of the
formation of structure in various epochs of early universe relate to our model. Hence,
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before going into results, we will discuss in the next chapter the different constraints
invoked by cosmology and structure formation.
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Chapter 4
CONSTRAINTS FROM COSMOLOGY
This chapter introduces various constraints on the parameters of the model {y, λ} by
including bounds from cosmology and structure formation. The parameter space of
this model is discussed very thoroughly in Refs. [71, 72], so we will make use of this
and fix the scalar mass to bemS = 1 TeV 1 in order to be able to rely on their discussion.
The approach is such that the parameter space is spanned by (CHP, CΓ) and the al-
lowed parameters are constrained by certain limits and observations. We will first
discuss what these restrictions are, and then consider their effect on our parameter
space.
4.1 Constraints in general
This section quickly skims through the most relevant constraints which will be used in
the next section to narrow down the parameter space (CHP, CΓ) of our model. A more
thorough list of constraints can be found in the recent reviews [51, 80]. We name only
the utmost critical ones here.
4.1.1 Abundance bound
The most obvious bound that the model must produce is the observed dark matter
abundance in the universe measured by the Planck satellite [4]:
ΩDMh
2 = 0.1188± 0.0010 . (4.1.1)
1This guarantees the assumption mh  mS made in Eq. (3.2.9), but other values satisfying this
condition would be equally valid. The possibility of a light scalar mS  mh is considered in [72], but
in this case the more general form of the collision terms must be used (the ones where we have not yet
assumed mh  mS).
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From the theory we get the momentum distribution function fN(x, r) for the sterile
neutrinos, from which we compute their number density as
nN(r) =
gN
2pi2
∞∫
0
dx
dp
dx
p2(x)fN(x, r) =
gN
2pi2
(mS
r
)3 ∞∫
0
dx x2fN(x, r) , (4.1.2)
where gN = 2 is the sterile neutrino spin DOF. This then gives the dark matter abun-
dance as [72]
ΩDMh
2 =
s0
s(rprod)
mNn(rprod)
ρcrit/h2
. (4.1.3)
where s0 = 2891.2 cm−3 [9] and s(rprod) are the entropy densities today and at the time
of production, ρ/h2 = 1.054 × 10−2 MeVcm−3 [9] is the critical density in units of the
(squared) reduced Hubble constant h, and n(rprod) is the number density at the time of
production.
The inclusion of the abundance bound is done by first solving the distribution
function fN(x, r) at some parameter space point (CHP, CΓ) and then fixing the mass
of the sterile neutrino mN to be such that the right-hand side of Eq. (4.1.3) agrees
with Eq. (4.1.1). We allow the mass of the sterile neutrino to be within the range of
0.5 keV < mN ≤ 100 keV, as the low end of the mass scale is ultimately limited by the
Tremaine-Gunn limit discussed in the next section, and the upper mass limit comes
from the framework of keV-scale sterile neutrinos.
4.1.2 Tremaine-Gunn limit
The phase space of any fermion species is coarse-grained by Pauli blocking, and this
can be used to derive a lower mass bound for sterile neutrino dark matter. Aris-
ing mass bound is known as the Tremaine-Gunn (TG) limit. In their original work,
Tremaine and Gunn [85] argued that the massive galactic haloes cannot be composed
of stable neutral leptons of mass. 1MeV. Their argument relies on the assumed initial
thermal distribution and the uniform distribution of the dark matter, whose maximum
phase space density is then traced back to present day by the Vlavson equation (Boltz-
mann equation without collisions), which they then compare to observed quantities
to derive the lower bound. Because of the assumed initial phase space density, this
method is not very helpful in the non-thermal dark matter production schemes.
However, for fermionic dark matter, a similar but less stringent lower mass bound
can be derived just by comparing the average phase space density of dark matter in
given astrophysical object(s) to the that of a degenerate Fermi gas, resulting in the
lower bound of [86]
mDM > 0.41 keV . (4.1.4)
Other authours [51, 71, 72] cite a bit higher value: mDM ≥ 0.5 keV [87].
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4.1.3 Collider bound
In the Higgs portal models, where the Higgs is coupled to some new particle in the
dark sector, we could in theory derive collider bounds from the LHC data, but these
bounds are currently too weak to give any meaningful constraints [71, 72]. Neverthe-
less, in the framework where the dark sector consists of a singlet scalar and a sterile
neutrino, one can derive the unitarity bound by demanding that the Majorana mass of
the sterile neutrino mN = y 〈S〉 is generated by the VEV of the scalar [72]: following
the reasoning in [88], Ref. [72] obtains an upper bound for the Yukawa coupling:
y ≤ mN
mS
√
16pi
3
, (4.1.5)
and an upper bound for the Higgs portal coupling:
λ ≤ y sinmax(2α) |m
2
S −m2h|
2vEWmN
, (4.1.6)
where vEW is the VEV of the SM-Higgs and α is the mixing angle between the Higgs
and the singlet scalar.
4.1.4 Dark radiation bound
Because the expansion rate of the universe depends on the amount of radiation, expan-
sion history is delicate to any excess radiation2. The amount of this excess radiation,
also called as dark radiation, can be bounded by the light element abundances related
to big bang nucleosynthesis (BBN) and separately from the CMB power spectrum [80].
The base amount of this additional radiation (besides photons) is caused by the
standard model neutrinos, and the amount of dark radiation from these active neutri-
nos is encoded into the effective number of neutrino Neff which has the value [89]
Neff = 3.046 . (4.1.7)
Deviations from this base value, ∆Neff , are then bounded as:∆NBBNeff < 1 @ 95% C.L [90] ; < 0.93 @ 95% C.L [91] ; < 0.85 @ 95% C.L [93] ,∆NCMBeff < 0.32 @ 95% C.L [4] .
(4.1.8)
4.1.5 Domain walls
The result of spontaneous symmetry breaking of discrete symmetries can lead to a
multiple degenerate minima in which the universe can settle its ground state into. If
2Any highly relativistic particle species will be counted in the radiation degrees of freedom.
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two different parts of the universe have their ground states in different minima, the
hyper-surface separating them is called a domain wall. Domain walls have not been
observed [92].
Since we have assumed a discrete Z4 symmetry for the scalar potential (3.1.1), it
would be broken by the VEV 〈S〉 of the scalar and result in two degenerate minima,
this could lead to a formation of domain walls. For resolutions on how to get rid of
them and more discussion see [71, 83] and references therein.
4.1.6 Momentum spectrum bound: hot, warm or cold
The concept of temperature of dark matter is somewhat unfortunate, since some sce-
narios in the freeze-in production of dark matter can also result a non-thermal mo-
mentum distribution for the relic abundance – as we will soon see happening under
our current framework. Since the non-thermal distribution may not be well described
by its average momentum, it may not be associated with a definite temperature ei-
ther. Nevertheless, since the majority of dark matter models assume production mech-
anisms where the relic abundance is thermic, the notion of temperature has become
entrenched.
The simplest and most commonly used estimator addressing the validity of a given
dark matter model is the free-streaming length λfs which is defined as the comoving dis-
tance travelled by a particle with average velocity 〈v〉 from the time of its production3
until today [71, 87]
λfs =
t0∫
tprod
〈v(t)〉
a(t)
dt =
T0∫
Tprod
〈v(T )〉
a(T )
dt
dT
dT . (4.1.9)
The free-streaming length estimates the average length scale below which cosmic struc-
tures cannot form due to motion of dark matter. The Lyman-α forest data can be used
to bound the free-streaming length [94, 95] and, in the case of a thermal relic whose
momentum distribution is known, this bound can be converted into a mass bound of
dark matter. This is roughly estimated as [80, Chapter 4.2 and Refs. therein]
λfs ∼ 1 Mpc keV
mDM
〈pDM〉
〈pν〉 , (4.1.10)
where 〈pDM〉 is the average momentum of dark matter and 〈pν〉 ∼ 1 keV is the comoving
momentum of active neutrinos at the time of thermal dark matter production.
Too large free-streaming length, implying light dark matter and therefore nomi-
nally hot, would produce less small scale structure than observed, and is thus ruled
out [51,71,72,80,94]. The classification of as hot, warm and cold is rather arbitrary, and
3As noted in [71,72], the production time is not a well-defined input, but its arbitrary choice does not
alter the results significantly.
37
the following scheme is the most common [71, 96]:
λfs > 0.10 Mpc Hot Dark Matter (ruled out),
0.01 Mpc <λfs < 0.10 Mpc Warm Dark Matter (possible),
λfs < 0.01 Mpc Cold Dark Matter (allowed).
Because the free-streaming length relies on the notion of thermal distributions, a more
sophisticated method is needed to constrain non-thermal spectrums.
A more robust way was brought forward in Ref. [72], which uses the squared transfer
function normalised to the cold dark matter spectra:
T 2(k) ≡ P (k)
PCDM(k)
, (4.1.11)
where P (k) is the linear matter power spectrum containing the spectral information of
the model, PCDM(k) is that of the cold dark matter model, and k characters the length
scale. In this form the transfer function roughly conveys how strongly the structure is
suppressed compared to a perfectly cold spectrum at the scale k.
The transfer function of the model can then be compared with the one derived
from the Lyman-α forest data [72, 94, 97]. Unlike the free-streaming length, the trans-
fer function does not require a thermal momentum distribution. Nevertheless, bounds
obtained for the transfer function in the literature usually do assume a thermal distri-
bution [72]. The ideal way would be to re-evaluate the Lyman-α data with the spectra
obtained from the model, but this has never been done. Instead, Ref. [72] introduces
the so-called half-mode analysis by which they determine if a given spectrum is ruled
out by the Lyman-α data taken from [94]. This way they try to evade the problem of
comparing non-thermal transfer functions with those derived using a thermal distri-
bution.
4.2 The parameter space with constraints
In this section the parameter space is depicted in light of the above bounds. We have
fixed the scalar mass to be mS = 1 TeV. This section mostly combines the work done
in Refs. [71,72] to see what parameters are allowed before going to the numerical solu-
tions in the next section.
Let us start with the Tremaine-Gunn limit and the abundance bound shown in the
figure 4.1. The Tremaine-Gunn limit is taken to be mN > 0.5 keV, i.e. only sterile
neutrino masses above 0.5 keV are allowed due to Pauli blocking. The dark coloured
iso-mass-lines mark where the correct relic abundance is reached at the 3σ range from
the Planck observation ΩDMh2 = 0.1188±0.0010 [4] for different sterile neutrino masses
mN = 1 keV . . . 100 keV, and neighbouring dimmer colours show where a sizeable but
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incorrect relic abundance is obtained, thus leaving some room for other production
mechanism e.g. by active-sterile mixing via DW-mechanism discussed in the begin-
ning of Chapter 3. The grey area marks the region where the dark matter energy den-
sity becomes too dominant ΩDM ≥ 1 "overclosing" the universe so that the present
state could not have been never attained. The exact overclosure bound depends on the
mass of the sterile neutrino, but that given here is the largest one in the relevant mass
range [71], and anyhow its region is already ruled out by the stricter Tremaine-Gunn
limit. The Tremaine-Gunn limit also divides the parameter space into the freeze-in
region on left-hand side and the freeze-out region on the right-hand side.
Figure 4.1: Parameter space showing the iso-mass-lines with the correct relic abun-
dances in dark colours for different sterile neutrino masses and neighbouring dimmer
lines corresponding to close-on abundance values. Dotted line shows the Tremaine-
Gunn limit and the grey area marks the overclosure region. Here mS = 1 TeV. Figure
from [71].
Let us now move on to the momentum distribution bound. In the left panel of figure
4.2 the free-streaming length is used to estimate the structure formation. This wholly
rules out the freeze-out regime on the right-hand-side as well as most of the freeze-in
regime on the left-hand-side, leaving only a small section of warm sterile neutrinos
produced (possibly non-thermally) by freeze-in as practicable. As discussed in the
previous section, frozen-in dark matter can acquire highly non-thermal momentum
distribution, so the naive free-streaming length is not able to account for its subtle
features. Therefore we cannot really be sure if the warm regions in the left panel of
figure 4.2 are truly allowed or not.
The same region evaluated with the half-mode analysis of squared transfer function
can be seen in the right panel of figure 4.2, now expressed in terms of the Lagrangian
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Figure 4.2: On the left panel: Same figure as Fig. 4.1 but now with the free-streaming
length bounds. Figure from [71]. On the right panel: The same region as on the
left but now with bounds from the half-mode analysis of squared transfer functions.
Figure from [72].
parameters (λ, y). The axes are related through:CHP = M0mS λ
2
16pi3
CΓ = M0mS ΓmS = M0mS
y2
16pi
⇔
λ =
√
mS
M0
16pi3CHP ,
y =
√
mS
M0
16piCΓ ,
(4.2.1)
where we used Γ = y2 mS
16pi
. Now with mS = 1000 GeV, M0 = 7.35g
−1/2
∗ × 1018GeV and
g∗ = 106.5, one can confirm that the axes do agree. Clearly the momentum distribution
bound obtained from the transfer function allows big parts of regimes which the naive
free-streaming length analysis ruled out. Even the freeze-out regime has an allowed
part, and much of the allowed regions in general seem to be cold rather than warm –
as the free-streaming length found no cold regimes at all.
The dashed line in the right panel of Fig. 4.2 marks the unitarity bound arising if
the sterile neutrino generates a Majorana massmN = y 〈S〉 via VEV of the singlet scalar.
Finally, we consider the bounds obtained from excess (dark) radiation in the early uni-
verse. Ref. [71] found that the BBN bounds constrain the parameter space mildly, and
that the CMB bound is essentially insignificant. However, in their later paper [72], the
same authors note that a small error in the numerical computation of ∆Neff led to an
overestimation of their impact. So the excluded area in the case of BBN is really larger
than necessary, and in reality neither the BBN nor the CMB bound play a significant
role since the relevant areas are already ruled out by the Lyman-α bound (right panel
of Fig. 4.2).
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Figure 4.3: Solid grey lines mark the deviation iso-curves from the effective number
of neutrinos at the time of BBN (left panel) and at the time of CMB formation (right
panel) due to the excess radiation caused by solutions in that region. Red areas on the
left panel are excluded by BBN and there is no significant restrictions from the CMB
bounds. Both figures from [71].
4.3 The effect of assuming relativistic degrees of freedom
to be constant
Even though Eq. (3.2.3) is implicitly independent of any assumption about the con-
servation of relativistic DOFs g∗ and g∗S , in the very next step of using it we apply the
time-temperature relation in the form dT
dt
= −HT which holds only at the limit of these
DOF being constant.
If we allow the relativistic DOF to be dynamical, our Liouville operator (3.2.3) can
be written as (see Appendix B for derivation):
L =
Hr˜
1 + 1
3
1
g∗S
r˜ d
dr˜
g∗S − 14 1g∗ r˜ ddr˜g∗
∂
∂r˜
, (4.3.1)
where we have defined
r˜ ≡ m
s1/3
, x˜ ≡ a(t)
a(t0)
p
s
1/3
0
. (4.3.2)
To express Eq. (4.3.1) with our previous (cf. Eq. (3.2.2)) parameters r = mS/T and
x = p/T 4, notice that
r˜ =
(
2pi2
45
g∗S
)−1/3
r , (4.3.3)
so that the Liouville operator becomes
L =
Hr
1− 1
3
1
g∗S
r d
dr
g∗S
∂
∂r
. (4.3.4)
4x is not really needed in this
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Thus by assuming the relativistic DOFs to be constant we are neglecting some contri-
bution from those epochs where this is not valid. Nevertheless, unless there is a radical
change in the relativistic DOFs (see the Fig. 4.4), the dark matter production happens
so early that 1
3
1
g∗S r ∼ 1T is relatively small and the approximation of constant g∗ and
g∗S is not that bad5. Indeed, Ref. [71] found that the value of g∗ deviates at most 20%
from the assumed constant value g∗ = 106.75 in the allowed production regimes of the
parameter space, as depicted in the figure 4.5.
Figure 4.4: Evolution of relativistic degrees of freedom g∗ (solid line) for SM particle
content. Also the evolution of the effective entropy degrees of freedom g∗S is shown
(dotted line) but it differs from the g∗ only at late times. Various phase transitions
causing the depletion of DOFs are also marked. Figure from [98].
5 The relation between the change of the two DOF when the comoving entropy density is conserved
d(sa3) = 0 is (see Appendix B):
1
3
1
g∗S
r
d
dr
g∗S =
1
4
1
g∗
r
d
dr
g∗ .
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Figure 4.5: Deviation of the number of relativistic degrees of freedom from g∗ = 106.75
at the time of sterile neutrino production. Comparing to Fig. 4.2, we see that in the
allowed regimes the deviation is mild. Figure from [71].
4.4 Summary of the chapter
In this chapter, we introduced the most relevant observational constraints arising from
structure formation. We motivated the robust way presented in Ref. [72] to gauge the
"hotness" of dark matter by the squared transfer function T 2(k) and why it is a bet-
ter measure for this than the usual free-streaming length λfs. Then, we combined the
work done in Refs. [71,72] to see the effect of these constraints for the parameter space
(CHP, CΓ) and discussed the goodness of the ddtg∗ = 0 assumption. The most impor-
tant constraints for the parameter space are found to be the Tremaine-Gunn limit, the
abundance bound and the momentum distribution constraint ("hotness"). The unitar-
ity bound arising from the assumption of the model to be minimal (in the sense that
sterile neutrinos get mass via VEV of the singlet scalar) places mild restrictions, but the
dark radiation bound has no significant effect.
Chapter 5
RESULTS AND NUMERICAL
METHODS
5.1 The FIMP-regime
When the (effective) Higgs portal CHP is small enough, the singlet scalar never reaches
thermal equilibrium with the visible sector. This happens for the Lagrangian level
Higgs portal couplings λ  10−6 [51, 71, 72, 82, 83], or CHP  1.4. Hence, the FIMP-
regime is the left side of the two regimes divided by the Tremaine-Gunn limit in Fig.
4.1.
In this case, the abundance of singlet scalars is gradually built via the freeze-in
mechanism – we assume zero initial abundance – and all the scalars will then even-
tually decay to sterile neutrinos. As we do not expect a thermal distribution to arise
even for the scalars, we are not expecting one for sterile neutrinos either. Due to this,
the value of the (effective) decay width CΓ is somewhat arbitrary, in the sense that, as
long as all the scalars have decayed before our assumptions start to fail (at least before
matter-radiation equality (T ∼ 0.8 eV)), the correct relic abundance is obtained and the
spectrum will anyhow be non-thermal. Nevertheless, if the decay from scalar to ster-
ile neutrinos is prolonged by a small decay width, the sterile neutrinos will have less
time to cool by the Hubble expansion, and thus smaller decay width values yield to a
more energetic ("hotter") spectrum and are more likely to be ruled out by the structure
formation.
Let us now show the obtained yields, Yi ≡ ni/s, and spectra fN(x, r), fS(x, r) for
four different freeze-in scenarios. Chosen parameter values in the FIMP-regime are
(for fixed ms = 1000 GeV) listed in the table 5.1. The mass of the sterile neutrino is set
to be to be ∼ 2 keV, 7 keV and 100 keV to depict the effect of light and massive sterile
neutrino (within the keV-scale).
In figure 5.1 we show the yields for the singlet scalar, the sterile neutrino and for
the thermal equilibrium distribution functions. As expected, the scalar never reaches
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equilibrium with the visible sector due to its feeble interactions with the Higgs. In the
panels (a), (b) of Fig. 5.1, the scalar starts to decay to sterile neutrinos long before it
actually freezes in. In the panel (c) decays are so fast that all scalar will almost im-
mediately decay to a very light (∼ 2 keV) sterile neutrinos, and this particular case is
actually ruled out by the momentum bound. Also in Fig. 5.1, the panel (d) shows in-
teresting behaviour, as when T ∼ mS the scalar seems to be frozen in, when in reality it
has also just started to decay to sterile neutrinos, so that we get a pseudo-frozen in state
where the interactions with the Higgs provide just the right amount of new scalars to
replace the decaying ones. This lasts until the Boltzmann suppression depletes the
Higgs number density to negligible values and rest of the scalars decay off.
In figure 5.2 we show the momentum distribution functions for the singlet scalar.
Following the colour coding from lighter colours to darker colours we can trace the
time evolution. As we have assumed the initial abundance to be zero, we see that the
distribution gradually builds up until the decays to sterile neutrinos start to tend the
distribution back towards zero. In the panel (d) of Fig. 5.2 we see that the distribution
is frozen to its peak value until it finally decays off, as described above.
In figure 5.3 we show the momentum distribution functions for the sterile neutrino.
They start from zero (lighter colours) and build up to their final form (darkest line). In
the panels (b) and (d) the distributions resemble the thermal distribution, whereas in
the panels (a) and (c) the deviation from the thermal distribution are evident. This
non-thermal behaviour is more extreme in the WIMP region, which we cover in the
next section.
Lagrangian parameters effective parameters (mS = 1 TeV)
Figure label λ y CHP CΓ mN
(a) 5.64× 10−8 3.43× 10−6 4.57× 10−3 1.67× 102 7 keV
(b) 5.7× 10−8 1.12× 10−7 4.66× 10−3 1.78× 10−1 7 keV
(c) 8.1× 10−8 5.9× 10−5 9.5× 10−3 5× 104 ∼ 2 keV
(d) 1.44× 10−8 5.1× 10−9 2.98× 10−4 3.69× 10−4 100 keV
Table 5.1: List of parameters used in each figure in the FIMP-regime. The figure label
points the given data to the correct panel in the figures 5.1, 5.2 and 5.3, which show
yields and momentum distributions for the singlet scalar and the sterile neutrino re-
spectively. The Lagrangian level parameters are taken from the right panel of Fig. 4.2
and transformed to effective parameters using Eq. (4.2.1). This causes small discrep-
ancy, as the right panel in Fig. 4.2 accounts for the change in relativistic degrees of
freedom while the left panel does not.
45
-4 -3 -2 -1 0 1 2 3
-6
-5
-4
-3
-2
-1
0
1
2
Singlet scalar
Sterile neutrino
Thermal
(a)
-4 -3 -2 -1 0 1 2 3
-6
-5
-4
-3
-2
-1
0
1
2
Singlet scalar
Sterile neutrino
Thermal
(b)
-4 -3 -2 -1 0 1 2 3
-6
-5
-4
-3
-2
-1
0
1
2
Singlet scalar
Sterile neutrino
Thermal
(c)
-4 -3 -2 -1 0 1 2 3
-6
-5
-4
-3
-2
-1
0
1
2
Singlet scalar
Sterile neutrino
Thermal
(d)
Figure 5.1: Yields for different points in the parameter space (CHP, CΓ) listed in the Table
5.1 for the singlet scalar (dashed blue line), sterile neutrino (solid red line), and thermal
distribution (yellow dash-dotted line) in a log-log scale.
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Figure 5.2: Singlet scalar distribution functions for different points in the parameter
space (CHP, CΓ) listed in the Table 5.1. The colour bar shows the evolution of time, with
lighter colours representing earlier times and dark colours later times.
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Figure 5.3: Sterile neutrino distribution functions for different points in the parameter
space (CHP, CΓ) listed in the Table 5.1. The colour bar shows the evolution of time,
with lighter colours representing earlier times and dark colours later times. A scaled
thermal distribution (violet dashed line) is shown for comparison.
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5.2 The WIMP-regime
For a large enough Higgs portal CHP the singlet scalar reaches thermal equilibrium
with the visible sector. This happens for the Lagrangian level Higgs portal couplings
λ  10−6 [51, 71, 72, 82, 83], or CHP  1.4. The WIMP-regime corresponds to the right
side of the two allowed regimes in Fig. 4.1. The singlet scalar stays equilibrated until
its interaction rate with the Higgs is dwarfed by the Hubble expansion and it freezes
out. Depending on the decay width CΓ, sterile neutrinos are gradually accumulated
from decays of scalars.
In the case of a large decay width, the sterile neutrinos are produced early on as
soon as scalars become abundant. This scenario is depicted in the panel (a) of Fig. 5.4,
which shows the obtained yields Y ≡ n/s for the singlet scalar and sterile neutrino.
The majority of sterile neutrinos are produced before the scalar freezes out from the
standard model heat bath, and only a negligible abundance is produced from the left-
over frozen out scalars. Corresponding momentum distributions for the singlet scalar
and sterile neutrino are shown in the (a)-panels of Figs. 5.5 and 5.6, respectively. There
the scalar distribution first becomes thermal and, upon freezing out (the more dense
region of lines near the midway), diminishes to zero. The neutrino distribution on the
other hand starts from zero and builds up as the momenta and the rest energy of singlet
scalars are transferred to those of sterile neutrinos. The non-thermal statistics of sterile
neutrinos is reflected in as the nascent second peak in the momentum distribution
function.
In the case of an intermediate decay width, a large portion of sterile neutrinos is
formed early on from decays of thermalised scalars, but there may also be a large abun-
dance production from frozen out residue scalars. This is depicted in the panels (b)
and (c) of Fig. 5.4. Corresponding momentum distributions for the singlet scalar and
sterile neutrino are shown in the (a) and (b) -panels of Figs. 5.5 and 5.6, respectively.
The coincidental shapes of scalar momentum distributions arise from their congruent
equilibrium periods. The highly non-thermal statistics of sterile neutrinos is clearly
evident in the panel (b) of Fig. 5.6. The panel(c) deviates only mildly from the thermal
distribution.
In the case of a small decay width, a majority of sterile neutrinos are produced at
late times after the scalar has frozen out. Because of this the dark matter relic abun-
dance is determined by the interactions within the dark sector. This is typical in the
dark freeze-out production mechanism which is depicted in the panel (d) of Fig. 5.4.
There, most of the sterile neutrino abundance is produced at log10
(
ms
T
)
& 2. In dark
freeze-out scenarios, the singlet scalar may also act as a dark matter together with the
sterile neutrino. Nevertheless, for simplicity we have assumed the singlet scalar to be
unstable i.e. that all relic scalars will eventually decay to sterile neutrinos. The final
neutrino distribution function in the panel (d) of Fig. 5.6 is highly non-thermal so it is
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hard to determine its suitability to the structure formation. Nevertheless, this particu-
lar case is determined to be too "hot" by the half-mode analysis.
Lagrangian parameters effective parameters (mS = 1 TeV)
Figure label λ y CHP CΓ mN
(a) 5.1× 10−5 2.0× 10−8 3.7× 103 5.7× 10−3 7 keV
(b) 1.0× 10−4 5.2× 10−9 1.4× 104 3.8× 10−4 100 keV
(c) 2.4× 10−5 1.8× 10−8 8.3× 102 4.6× 10−3 100 keV
(d) 8.35× 10−5 2.66× 10−9 1.0× 104 1.0× 10−4 > 100 keV
Table 5.2: List of parameters used in each figure in the WIMP-regime. The figure label
points the given data to the correct panel in the figures 5.4, 5.5 and 5.6, which show
the yields and the momentum distributions for the singlet scalar and the sterile neu-
trino respectively. The Lagrangian level parameters are taken from the right panel of
Fig. 5.2 and transformed to effective parameters using Eq. (4.2.1). This causes small
discrepancy, as the right panel in Fig. 4.2 accounts for the change in relativistic degrees
of freedom while the left panel does not.
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Figure 5.4: Yields for different points in the parameter space (CHP, CΓ) listed in the Table
5.2 for the singlet scalar (dashed blue line), sterile neutrino (solid red line), and thermal
distribution (yellow dash-dotted line) in a log-log scale.
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Figure 5.5: Singlet scalar distribution functions for different points in the parameter
space (CHP, CΓ) listed in the Table 5.2. The colour bar shows the evolution of time, with
lighter colours representing earlier times and dark colours later times.
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Figure 5.6: Sterile neutrino distribution functions for different points in the parameter
space (CHP, CΓ) listed in the Table 5.2. The colour bar shows the evolution of time,
with lighter colours representing earlier times and dark colours later times. A scaled
thermal distribution (violet dashed line) is shown for comparison.
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5.3 Numerical methods
Rather than solving equations (3.2.10) and (3.2.11) separately, we treat them as a set
of coupled non-linear partial intergo-differential equations. This way, our implemen-
tation also covers scenarios when the Boltzmann equations cannot be uncoupled. We
use the similar method as described in the Ref. [72] and discretise the momentum vari-
able x → xi for i ∈ {1, . . . ,M}, where M is some sufficiently large momentum cut-off
parameter. This way, the original integro-differential equations for fS,N(x, r) transform
into a system of coupled modes of the same integro-differential equations f iS,N(r):
df iS(r)
dr
= CHP e
−
√
x2
i
+r2√
x2i+r
2
rK1(r)− CHP f
i
S(r)√
x2i+r
2
[
∆x
M∑
j=1
x2j√
x2j+r
2
f jS(r)
]
− CΓ r2√
x2i+r
2
f iS(r) ,
df iN (r)
dr
= 2CΓ r2x2i ∆x
∑
j∈Ii(r)
xj√
x2j+r
2
f jS(r) , ∀i ∈ {1, . . . ,M},
(5.3.1)
where the index group Ii(r) ≡ {k ∈ N :
∣∣∣xi − r24xi ∣∣∣ ≤ k ≤ M}. Because the momentum
integrals couple to every momentum mode, equation (5.3.1) must be solved with a
fixed r for all modes xi simultaneous. Furthermore, due to the stiffness (meaning rapid
variation in its modes) of this system of equations, most ordinary differential equation
(ODE) algorithms fail to perform in all parts of the parameter space.
MATLAB’s built-in toolbox ODE suite [99] offers the ode15s solver for stiff problems,
which we have used to solve the system (5.3.1). The full code with a brief description
is given in the Appendix D.
5.4 Summary of the chapter
In this chapter the solutions of Eqs. (3.2.10) and (3.2.11) in the two regimes of Fig. 4.2
are presented. These regimes correspond to the FIMP production of the scalar on the
left-hand side and the WIMP production of the scalar on the right-hand side of Fig. 4.2.
For each regime the yields and momentum distribution functions for the singlet scalar
and the sterile neutrino are solved in four differing points. The obtained solutions are
presented in Figs. 5.1, 5.2 and 5.3 for the FIMP scenario, and in Figs. 5.4, 5.5 and 5.6
for the WIMP scenario. Also, the numerical methods are briefly described and the full
MATLAB implementation is given in Appendix D.
A notable result, although not a new one (as it was first found in 2015 by Merle and
Totzauer [71]) in this chapter is the recovery of the momentum distribution function
for the sterile neutrino, which is demonstrated to be highly non-thermal in some cases.
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Chapter 6
CONCLUSIONS AND OUTLOOK
In this work, we reviewed the evidence for dark matter, known discrepancies of the
ΛCDM model, and the basic mechanisms for producing the observed dark matter
abundance. We augmented the standard model with a dark sector consisting of a sin-
glet scalar field and a right-handed sterile neutrino field, and hypothesised that the
relic abundance of sterile neutrinos comprises the observed dark matter abundance.
We constrained the Higgs portal coupling λ, acting between the singlet scalar and the
SM Higgs, and the Yukawa coupling y, acting between the singlet scalar and the ster-
ile neutrino, with observations from cosmology and structure formation. We found
that the freeze-in, freeze-out, and their variant production mechanisms for the dark
sector particles can originate from the constrained parameter space {λ, y}. We solved
the momentum distribution function of sterile neutrinos from the system of Boltzmann
equations, and, as a by-product, obtained the momentum distribution function for the
singlet scalar. The distribution functions are solved in various points of the parameter
space, which give rise to differing production mechanisms. We found that, in addition
to offering a realistic dark matter candidate, the sterile neutrino can attain a highly
non-thermal momentum distribution in the process.
The non-thermal nature of sterile neutrinos makes it hard to assess their suitabil-
ity to structure formation, as all constraints currently found from literature assume
thermal behaviour from the dark matter candidate. The obtained distribution func-
tions could be used to reanalyse the structure formation constraints obtained from the
Lyman-α data, but that has not yet been done.
We intent to build upon this work by including the back scatterings from sterile
neutrinos to singlet scalars NN → S and NN ↔ SS, as well as the number changing
processes within the particle species, such asNNNN → NN . We also intent to revamp
the dark sector to contain three right-handed sterile neutrinos and a singlet scalar. This
is motivated by the Neutrino Minimal Standard Model (νMSM) [100–102] and models
similar to it [103, 104]. The νMSM contains three sterile-neutrinos with masses below
the electroweak scale, and can explain simultaneously the active neutrino oscillations,
dark matter and baryon asymmetry of the universe [101]. In the νMSM the sterile
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neutrinos are produced from their mixing with the active neutrinos. In the models
including an additional singlet scalar, like [104], sterile neutrinos can be produced by
decays of the scalar, and the methodology of this work is directly applicable.
Appendices
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Appendix A
Covariant Boltzmann equation
The Boltzmann equation describes the evolution of the phase space distribution func-
tion fi = fi(t,x,p) and in its classical form is defined as:
L[fi] = C[fi] , (A.0.1)
where the term on the left-hand side is the Liouville term defined as
L[fi] =
d
dt
fi =
(
∂
∂t
+
dxj
dt
∂
∂xj
+
dpj
dt
∂
∂pj
)
fi , (A.0.2)
and the term on the right-hand side is the collision term containing all the particle num-
ber changing interaction processes. In the relativistic theory we have fi = fi(pα, xα) so
that
dfi =
∂fi
∂xα
dxα +
∂fi
∂pα
dpα . (A.0.3)
Choose the affine parameter λ so that on a curve xµ(λ) we have dt
dλ
= mγ = E, allowing
us to write:
dxα
dλ
= pα = (mγ,mγvi) = (E, pi) , (A.0.4)
and then the geodesic equation gives
d2xα
dλ2
=
dpα
dλ
= −Γαβγ
dxβ
dλ
dxγ
dλ
= −Γαβγpβpγ . (A.0.5)
Now the Liouville term can be written as
L[fi] =
dfi
dλ
=
(
pα
∂
∂xα
− Γαβγpβpγ
∂
∂pα
)
fi (A.0.6)
where Γ is the Christoffel symbol. In the FLRW universe the distribution function is
homogeneous and isotropic
∂f
∂xj
= 0 ,
∂f
∂pj
= 0 , (A.0.7)
and the Christoffel symbols are
Γ0ij = aa˙δij , Γ
i
0j =
a˙
a
δij . (A.0.8)
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The Liouville term in FLRW universe then becomes
L[fi] =
(
p0
∂
∂x0
− Γ0ijpipj
∂
∂p0
)
fi
=
(
E
∂
∂t
− aa˙p2 ∂
∂E
)
fi
=
(
E
∂
∂t
−Hp2L
∂
∂E
)
fi
= Ei
(
∂
∂t
−HpL ∂
∂pL
)
fi , (A.0.9)
where in the third line the comoving 3-momentum p is switched back to the local 3-
momentum pL by using pcovariant = plocal/a and in the last line the usual dispersion
E2 = p2L + m
2 is applied. The usual convention is to divide the E = Ei to be included
into the collision terms in the right-hand side of the Boltzmann equation (A.0.1). This
gives us the final form of the Liouville operator:
L˜[fi] ≡ L[fi]
E
=
(
∂
∂t
−Hp ∂
∂p
)
fi . (A.0.10)
The general form of the collision term for an event ψ+ a+ b+ · · · −→ α+ β+ . . . is
C˜[fψ] =
1
2Eψ
∫ [
(dΠadΠb . . . )(dΠαdΠβ . . . )(2pi)
4×
× δ(4)(pψ + pa + pb + · · · − pα − pβ − . . . )×
× |M|2fψfafb . . . (1± fα)(1± fβ) . . .
]
, (A.0.11)
where dΠa ≡ gad3pa(2pi)32Epa is the phase space measure and ga is the number of internal
degrees of freedom of particle species "a".
Appendix B
Liouville operator in new variables
Taking the Eq. (A.0.10) as a starting point, we have
L˜ =
∂
∂t
−Hp ∂
∂p
. (B.0.1)
In the radiation dominated universe the Hubble parameter H = 1
2t
. Combining this
with the first Friedmann equation (1.1.5) along with the expressions (1.2.6) and (1.2.9)
for energy- and entropy densities, we get
H =
1
2t
=
√
8piG
3
pi2
30
g1/2∗s T
2 . (B.0.2)
Then define a change of variables from t and p to r and x such thatr = r(t) ,x = x(t, p) , and explicitly, let
r ≡
m
s1/3
,
x ≡ a(t)
a0
p
s
1/3
0
,
(B.0.3)
where we have chosen to use entropy as a basic variable instead of temperature (s1/3 ∼
T ), t0 is some reference time and a0 = a(t0), s0 = s(t0). Using the chain rule we get
L˜ =
∂r
∂t
∂
∂r
+
∂x
∂t
∂
∂x
−Hp

 
 
 
0
∂r
∂p
∂
∂r
+
∂x
∂p
∂
∂x

=
∂r
∂t
∂
∂r
+
[
∂x
∂t
−Hp∂x
∂p
]
︸ ︷︷ ︸
a
a0
Hp
s
1/3
0
− a
a0
Hp
s
1/3
0
=0
∂
∂x
=
∂r
∂t
∂
∂r
. (B.0.4)
Lets express this explicitly in terms of entropy and energy degrees of freedom. From
(B.0.2) together with (1.2.9) we get the time-entropy relation
t = C
g
2/3
∗s
g
1/2
∗
s−2/3 , (B.0.5)
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where C = 1
2
(
pi2
90
)−1/2 (
2pi2
45
)2/3
. From this follows
ds
dt
=
3Hs
sg
′∗s
g∗s − 34
g′∗
g∗ − 1
, (B.0.6)
where the derivatives on the right hand side are with respect to s. Now using ∂r
∂t
=
− s−1r
3
∂s
∂t
we find
L˜ =
Hr
1 + 1
3
1
g∗s r
d
dr
g∗s − 14 1g∗ r ddrg∗
∂
∂r
. (B.0.7)
To relate this with our earlier variable x˜ = p/T and r˜ = m/T notice that
r =
(
2pi2
45
)−1/3
g∗s−1/3r˜ . (B.0.8)
Before applying this to (B.0.7), notice that from the entropy conservation d(sa3) = 0
follows 1
3
1
g∗s r
d
dr
g∗s − 14 1g∗ r ddrg∗ = 0. After simplifying the denominator and using the
transformation (B.0.8), we get
L˜ =
Hr˜
1− 1
3
1
g∗s r˜
d
dr
g∗s
∂
∂r˜
. (B.0.9)
Appendix C
Collision terms
This Appendix goes through the computation of collision terms showing very explic-
itly all intermediate steps.
C.1 CShh→SS
Starting from the (A.0.11) we have:
Csh(q)h(q′)→s(p)s(p′)(p) =
1
2Ep
∫
d3p′
(2pi)32Ep′
d3q
(2pi)32Eq
d3q′
(2pi)32Eq′
|M|2(2pi)4×
× δ(4)(q + q′ − p− p′)fh(q)fh(q′)(1± fs(p))(1± fs(p′)) . (C.1.1)
Then we do following the approximations/assumptions:
• Neglect bosonic/fermionic structure (initially fs  1), i.e. (1± fs) ≈ 1.
• Assume Higgses to be in equilibrium, so that fh(q)fh(q′) = f eqh (q)f eqh (q′) = e−(Eq+Eq′ )/T =
e−(Ep+Ep′ )/T = f eqs (q)f
eq
s (q
′), where we have used energy conservation to express
Higgs distributions in terms of scalar distributions at equilibrium.
• Matrix element |M|2 includes only tree-level diagrams and is constant.
Furthermore, we apply the known result for the (lorentz invariant) 2-body phase space
integral1:∫
d3q
(2pi)32Eq
d3q′
(2pi)32Eq′
(2pi)4δ
(
q + q′ − p− p′) = 1
4pi
Pqq′(s)√
s
=
1
4pi
1√
s
1
2
√[
s−

(mh −mh)2
][
s− (mh +mh)2
]
√
s
=
1
4pi
1
2
√
s− 4m2h
s
. (C.1.2)
1Note that this integral becomes available in Eq. (C.1.1) only after we have assumed equilibrium
statistics for Higgses (phase space integrals will not operate on Higgs’ distribution functions if we write
them in terms of scalar distribution functions).
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Here s is the Mandelstam variable s ≡ (pµ + p′µ)2 = (qµ + q′µ)2, which can be written in
terms of initial or final parameters. After applying these considerations to Eq. (C.1.1)
we end up to
∴ Csh(q)h(q′)→s(p)s(p′)(p) =
|M|2
2Ep
∫
d3p′
(2pi)32Ep′
1
4pi
1
2
√
s− 4m2h
s
f eqs (p)f
eq
s (p
′)
=
|M|2
24(2pi)4
e−Ep/T
Ep
2pi
1∫
−1
d(cos θ)
∞∫
0
dp′
p′2
Ep′
√
s− 4m2h
s
e−Ep′/T .
(C.1.3)
Using the change of variables tox ≡
p
T
(
x′ ≡ p′
T
)
,
r ≡ ms
T
,
(C.1.4)
which has the following effect for terms in (C.1.3):
Ep = T
√
x2 + r2 , (C.1.5)
s = (Ep + Ep′)
2 − (p + p′)2 = T 2
(√
x2 + r2 +
√
x′2 + r2
)2
− T 2 (x + x′)2 ,
(C.1.6)
⇒
√
s− 4m2h
s
=
√√√√(√x2 + r2 +√x′2 + r2)2 − (x + x′)2 − 4ξ2r2(√
x2 + r2 +
√
x′2 + r2
)2 − (x + x′)2 , where ξ ≡ mhms ,
(C.1.7)
∞∫
0
dp′ p′2 = T 3
∞∫
0
dx′ x′2 , (C.1.8)
we establish2:
∴ Csh(q)h(q′)→s(p)s(p′)(p) =
|M|2
24(2pi)4
e−
√
x2+r2
√
x2 + r2
T×
× 2pi
1∫
−1
d(cos θ)
∞∫
0
dx′
x′2e−
√
x′2+r2
√
x′2 + r2
√√√√(√x2 + r2 +√x′2 + r2)2 − (x + x′)2 − 4ξ2r2(√
x2 + r2 +
√
x′2 + r2
)2 − (x + x′)2︸ ︷︷ ︸
≡F(x,r,ξ)
(C.1.9)
=
|M|2
256pi4
e−
√
x2+r2
√
x2 + r2
T · F(x, r, ξ) . (C.1.10)
Then we must sort out the outcome of the function F(x, r, ξ) as it is defined in Eq.
(C.1.9). We will assume that the scalar mass exceeds the Higgs mass so that ξ = mh
ms
 1.
2Note that the parameter ξ in (C.1.7) arises due to forced cancellations of T 2 between numerator and
denominator.
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In this limit the function F is easy to compute, because then the last square root term
in it simply becomes to unity. Lets now compute F in the above limit:
F(x, r, ξ  1) = 2pi
1∫
−1
d(cos θ)
∞∫
0
dx′
x′2e−
√
x′2+r2
√
x′2 + r2
√
1
making the change of variables to x′2 + r2 ≡ a2⇒
∞∫
0
→
∞∫
r
and dx =
da a√
a2 − r2
= 4pi
∞∫
r
da(a2 − r2)1/2e−a
and again, set a ≡ tr→
∞∫
r
→
∞∫
1
= 4pir2
∞∫
1
dt (t2 − 1)1/2e−tr
= 4pir ·K1(r) . (C.1.11)
Where we’ve recognised the first modified Bessel function of the second kind
Kn(z) ≡
√
pi(
n− 1
2
)
!
(
1
2
z
)n ∞∫
1
e−zx(x2 − 1)n− 12 dx . (C.1.12)
To conclude this section; our end result is
Csh(q)h(q′)→s(p)s(p′) =
|M|2
256pi4
e−
√
x2+r2
√
x2 + r2
T · F(x, r) . (C.1.13)
where we’ve assumed ms  mh and hence F(x, r) = F(x, r, ξ  1) = F(r) is given by
Eq. (C.1.11).
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C.2 CSSS→hh
With the knowledge of above section we may now quickly write down next collision
term to be
Css(p)s(p′)→h(q)h(q′)(p) = −
1
2Ep
∫
d3p′
(2pi)32Ep′
1
4pi
1
2
√
s−4m2
h
s︷ ︸︸ ︷
d3q
(2pi)32Eq
d3q′
(2pi)32Eq′
(2pi)4δ(4)
(
q + q′ − p− p′)×
× |M|2fs(p)fs(p′)
(
1± fh(q)
)︸ ︷︷ ︸
≈1
(
1± fh(q′)
)︸ ︷︷ ︸
≈1
= −|M|
2
4pi22
1
(2pi)32
fs(p)
Ep
· 2pi
1∫
−1
d(cos) θ
∞∫
0
dp′
p′2
Ep′
√
s− 4m2h
s
fs(p
′)
change variables as in (C.1.4)
= − |M|
2
24(2pi)4
fs(x, r)√
x2 + r2
T×
× 2pi
1∫
−1
d(cos θ)
∞∫
0
dx′
x′2√
x′2 + r2
√√√√(√x2 + r2 +√x′2 + r2)2 − (x + x′)2 − 4ξ2r2(√
x2 + r2 +
√
x′2 + r2
)2 − (x + x′)2 fs(x′, r)
≡ − |M|
2
256pi4
fs(x, r)√
x2 + r2
T
∫
d3x′ G(x′, x, r, ξ)fs(x′, r) , (C.2.1)
where
G(x′, x, r, ξ) ≡ 1√
x′2 + r2
√√√√(√x2 + r2 +√x′2 + r2)2 − (x + x′)2 − 4ξ2r2(√
x2 + r2 +
√
x′2 + r2
)2 − (x + x′)2
(C.2.2)
⇒ G(x′, x, r, ξ  1) = G(x′, r) = 1√
x′2 + r2
. (C.2.3)
Thus our final result is
Css(p)s(p′)→h(q)h(q′) = −
|M|2
256pi4
fs(x, r)√
x2 + r2
T
∫
d3x′ G(x′, r)fs(x′, r) , (C.2.4)
where we’ve assumed ms  mh and hence G(x′, r) is given by (C.2.3).
C.3 CSS→NN
We have the usual definition for the decay width Γ
Γ(a→ b1+b2+· · ·+bn) ≡ ga
2ma
(
n∏
i=1
∫
gid
3pi
(2pi)32Ei
)
(2pi)4δ(4)
(
pa −
n∑
i=1
pi
)
|M|2 . (C.3.1)
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The collision term now looks like3
Css(p)→N(k)N(k′)(p) =
− 1
2Ep
∫
2d3k
(2pi)32Ek
2d3k
(2pi)32Ek′
|M|2(2pi)4δ(4)(p− k − k′)fs(p) (1± fN(k))︸ ︷︷ ︸
≈1
(
1± fN(k′)
)︸ ︷︷ ︸
≈1
using the equation (C.3.1)
= −fs(p)Γms
Ep
. (C.3.2)
Then we still want to express this in the language of parameters x and r. Since
ms
Ep
=
ms
T
√
x2 + r2
=
T
ms
(ms
T
)2 1√
x2 + r2
= T
r2√
x2 + r2
1
ms
, (C.3.3)
we get
Css(p)→N(k)N(k′)(p) = −T
r2√
x2 + r2
Γ
ms
fs(x, r) . (C.3.4)
C.4 CNS→NN
The matrix element for this process can be found to be
|M|2 = 1
2
y2k · k′ = 1
2
y2EkEk′
[
1− k · k
′
EkEk′
]
, (C.4.1)
which should then be integrated over the phase space. This messy integral can be
avoided by noticing that the tree-level matrix element is constant due to 4-momentum
conservation:
p = k + k′
⇒ p2 = (k + k′)2
⇔ E2p − |p|2︸ ︷︷ ︸
m2s
= E2k − |k|2︸ ︷︷ ︸
m2N
+E2k′ − |k′|2︸ ︷︷ ︸
m2N
+2k · k′
⇔ k · k′ = 1
2
(
m2s − 2m2N
)
= constant.
Hence
|M|2 = 1
2
y2k · k′ = 1
4
y2(m2s − 2m2N) = constant. (C.4.2)
3The minus sign comes from the fact that we are tracking the scalar distribution and this process
lessens the amount of scalars in the system. Also the factors of 2 in the integral measure are spin DOF
of netrino.
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Now the collision term is4
CNs(p)→N(k)N(k′)(k) =
2× 1
2Ek
∫
2d3k′
(2pi)32Ek′
d3p
(2pi)32Ep
2|M|2(2pi)4δ(4)(p− k − k′)fs(p) (1± fN(k))︸ ︷︷ ︸
≈1
(
1± fN(k′)
)︸ ︷︷ ︸
≈1
= 2
2|M|2
2Ek
(2pi)4
(2pi)62
∫
d3k′
Ek′
d3p
Ep
δ (Ep − Ek − Ek′) δ(3) (p− k− k′) fs(p)
using d3k′ to the last delta function sets k′ = p− k
= 2
2|M|2
2Ek
(2pi)4
(2pi)62
∫
d3p
EpE|p−k|
δ
(
Ep − Ek − E|p−k|
)
fs(p)
using the delta function identity to write δ
(
Ep − Ek − E|p−k|
)
= δ (cos θ − cos θ0)
(
E|p−k|
)
|θ=θ0
|p||k|
where θ0 denotes the root cos θ0 =
2EpEk −m2s
2|p||k| for the equation Ep − Ek − E|p−k| = 0,
i.e. θ is the angle between p and k and thus the same angle which now comes from opening d3p.
= 2
2|M|2
2Ek
(2pi)4
(2pi)62
2pi
1∫
−1
d(cos)
∞∫
0
dp
|p|2
Ep|p||k|
(E|p−k|)|θ=θ0
E|p−k|
δ (cos θ − cos θ0) fs(p)
noting that the integral over cos θ gives zero unless cos θ ∈ [−1, 1], we can perform the integral over
the delta function if we restrict the momentum p so that cos θ is always in that interval.
= 2
2|M|2
2Ek
(2pi)4
(2pi)62
2pi
pmax∫
pmin
dp
|p|
Ep|k|fs(p) . (C.4.3)
I have still left the integral limits of p implicit, but will add steps on how to compute
them later. So far we have accomplished
CNs(p)→N(k)N(k′)(k) =
2|M|2
4piEk|k|
pmax∫
pmin
dp
|p|
Ep
fs(p) . (C.4.4)
Then change variables to x ≡ kT
(
x′ ≡ p
T
)
r ≡ ms
T
, (C.4.5)
4Number of neutrinos in the process is changed by 2 so thus the first factor of 2. Then there is a factor
of 2 in the integral measure due to spin DOF of neutrino. The factor of 2 in-front of the matrix element is
due to symmetric particles in the final state S → NN i.e. because the same decay width Γs→NN is used
in (C.3.2) and (C.4.10), even though in the latter we integrate over just one of the final states.
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and since our scalar is massive compared to Higgs, it is also massive compared to
neutrinos, hence we can approximate
Ek = T
√
x2 +
(
mN
ms
)2
r2 ≈ Tx , (C.4.6)
|M|2 = 1
4
y2(m2s − 2m2N) ≈
y2m2s
4
. (C.4.7)
Furthermore, if we compute the decay width for this process using Eq. (C.3.1), where
|M|2 is now given in Eq. (C.4.7), we get5
Γ =
y2ms
16pi
. (C.4.8)
Thus we can express our matrix element (C.4.7) as
|M|2 = 4pimsΓ . (C.4.9)
So after applying the change of variables and taking above considerations into account,
we end up to
CNs(p)→N(k)N(k′) =
2rΓ
x2
x′max∫
x′min
dx′
x′√
x′2 + r2
fs(x
′, r) . (C.4.10)
Because we still want to include the effective decay width CΓ ≡ M0ms Γms into this, we get our
end result to be
CNs(p)→N(k)N(k′) =
Tms
Mo
2CΓ r
2
x2
x′max∫
x′min
dx′
x′√
x′2 + r2
fs(x
′, r) , (C.4.11)
where the quantity Tms
Mo
is later cancelled by dT
dr
dt
dT
= M0
ms
1
T
coming from the left hand
side of the Boltzmann equation.
Lets now address the question of integral limits for p in (C.4.3) which then gives the
limits also for (C.4.11). So we must somehow employ condition cos θ0 ∈ [−1, 1] to the
5Note that one can apply Eq. (C.1.2) straight away here and use s = E2p = m2s and then ms  mn
makes the square root to become unity.
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integral limits of p. From Ep − Ek − E|p−k| = 0 we get
|cos θ0| =
∣∣∣∣2EpEk −m2s2|p||k|
∣∣∣∣ ≤ 1
⇒ (2EpEk −m2s)2 ≤ 4p2k2
⇔ −E2k −






4
( mN
ms︸︷︷︸
≈0
)2
p2 + EkEp − m
2
s
4
≥ 0
⇔ Ep ≥ 4E
2
k +m
2
s
4Ek
⇒ p2 ≥
(
4E2k −m2s
4Ek
)2
⇒ p ≥
∣∣∣∣k − m2s4k
∣∣∣∣ ≡ pmin , (C.4.12)
where in the last step we’ve approximated Ek =
√
k2 +m2n ≈ k. This also gives us that
pmax =∞. Thus the limits in Eq. (C.4.11) arex′min =
∣∣∣x− r24x∣∣∣ ,
x′mac =∞ .
(C.4.13)
Appendix D
MATLAB implementation
• main.m defines used parameters (CHP, CΓ, discretisation and initial conditions
for fS and fN ). After computing the distributions it computes the yields YS and
YN and plots the obtained results. It has the following dependencies:
* Boltzmann.m is the right-hand side of Eq. (5.3.1). It takes in the param-
eter values CHP, CΓ and the discretised vector x and its interval ∆x as well
as the fixed r value and the distributions f iS(r) and f
i
N(r) concatenated into
vector F = [fS(r) fN(r)]
T =
[
f 1S(r), . . . , f
M
S (r), f
M+1
N (r), . . . , f
M+M
N (r)
]T. It
has the following dependencies:
* hhTOss_s.m is the function for CShh→SS
* ssTOhh_s.m is the function for CSSS→hh
* sTOnn_s.m is the function for CSs→NN
* sTOnn_n.m is the function for CNs→NN
D.1 main.m
keywordstyle
c l e a r ;
c l c ;
c lose a l l ;
format long ;
5 %
to ta lT imer = t i c ;
%% Solve distributions (in logarithmic scale)
solveTimer = t i c ;
10 hx = 0 . 0 6 ; % Discretisation interval for x
hr = 0 . 0 6 ; % Discretisation interval for r
x = −3.0 : hx : 3 . 2 ; % [0,inf] -> [10^(-3), 10^3.2] = [0.001, 1585]
r = −4: hr : 3 . 2 ;
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15 Chp = 8 . 3 ∗ 1 0 ^ ( 2 ) ; % Higgs portal
Cg = 4.6∗10^( −3) ; % Decay width
% Initial conditions ( assume zero initial abundance)
%FS0 = exp(-sqrt(10.^(2*x(:)) + 10^(2*r(1)))); % Uncomment for thermal
20 %initial abundance for scalar and comment the one below.
FS0 = zeros ( numel ( x ) , 1 ) ;
FN0 = zeros ( numel ( x ) , 1 ) ;
F0 = v e r t c a t ( FS0 , FN0 ) ;
25 options = odeset ( ’ RelTol ’ ,1 e−13 , ’ AbsTol ’ ,1 e−18 , ’ NonNegative ’ , 1 ) ;
[ r , F ] = ode15s (@( r , F ) Boltzmann ( F , x , r , hx , Cg , Chp ) , r , F0 , opt ions ) ;
FS = F ( : , 1 : numel ( x ) ) ;
FN = F ( : , numel ( x ) + 1 : end ) ;
30
solveTime = toc ( solveTimer ) ;
disp ( [ ’ D i s t r i b u t i o n s solved in : ’ num2str ( solveTime ) ’ seconds ’ ] )
%% Figures
f i g = f igure ;
35 f igure ( f i g )
cmap = colormap ( flipud ( copper ( length ( r ) ) ) ) ; % Define colormap:
% copper,hot,summer,winter,autumn,spring are fine.
s e t ( groot , ’ DefaultAxesColorOrder ’ ,cmap ) ; % Set above colormap
% to be the default one.
40 c lose ( f i g ) ;
f i g 1 = f igure ;
f igure ( f i g 1 ) ;
hold on ;
45 box on ;
xlim ( [ x ( 1 ) , x ( end ) ] ) % Set range for x-axis in the plot.
ylim ( [ −1 2 , 0 ] ) ; % Set range for y-axis in the plot.
cmap = colormap ( flipud ( copper ( length ( r ) ) ) ) ; % Define colormap:
% copper,hot,summer,winter,autumn,spring are good.
50 s e t ( groot , ’ DefaultAxesColorOrder ’ ,cmap ) ; % Set above colormap
% to be the default one.
cbar = colorbar ; % Turn the colorbar on which shows the scaling
% of the colors.
s e t ( cbar , ’ ylim ’ , [ r ( 1 ) r ( end ) ] ) ; %Define axis for the above colorbar.
55 ylabel ( cbar , ’ $\log_ { 1 0 } ( r )=\ log_ { 1 0 } ( \ f r a c {m_S } { T } ) $ ’ , . . .
’ i n t e r p r e t e r ’ , ’ l a t e x ’ , ’ FontSize ’ , 1 6 ) ;
plot ( x , log10 ( FS ( : , : ) . ∗ ( 1 0 . ^ ( 2 ∗ x ) ) ) ) ;
t i t l e ( [ ’Chp = ’ num2str (Chp , ’ %.e ’ ) , ’ Cg = ’ num2str (Cg , ’ %.e ’ ) ] ) ;
s e t ( f ig1 , ’name ’ , ’ S c a l a r d i s t r i b u t i o n funct ion ’ , ’ numbert i t le ’ , ’ o f f ’ ) ;
60 xlabel ( ’ $\log_ { 1 0 } ( x)=\ log_ { 1 0 } ( \ f r a c { p } { T } ) $ ’ , ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
ylabel ( ’ $\log_ { 1 0 } ( x^2 f_S ( x , r ) ) $ ’ , ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
s e t ( gca , ’ FontSize ’ , 1 6 , ’FontName ’ , ’ Times ’ ) ;
73
hold o f f
65 f i g 2 = f igure ;
f igure ( f i g 2 ) ;
hold on ;
box on ;
xlim ( [ x ( 1 ) , x ( end ) ] ) % Set range for x-axis in the plot.
70 ylim ( [ −1 2 , 0 ] ) ; % Set range for y-axis in the plot.
cmap = colormap ( flipud ( copper ( length ( r ) ) ) ) ; % Define colormap:
% copper,hot,summer,winter,autumn,spring are good.
s e t ( groot , ’ DefaultAxesColorOrder ’ ,cmap ) ; % Set above colormap
% to be the default one.
75 cbar = colorbar ; % Turn the colorbar on which shows the scaling
% of the colors.
s e t ( cbar , ’ ylim ’ , [ r ( 1 ) r ( end ) ] ) ; % Define axis for the above colorbar.
ylabel ( cbar , ’ $\log_ { 1 0 } ( r )=\ log_ { 1 0 } ( \ f r a c {m_S } { T } ) $ ’ , ’ i n t e r p r e t e r ’ , . . .
’ l a t e x ’ , ’ FontSize ’ , 1 6 ) ;
80 plot ( x , log10 (FN( 1 : end , : ) . ∗ ( 1 0 . ^ ( 2 ∗ x ) ) ) ) ;
t i t l e ( [ ’Chp = ’ num2str (Chp , ’ %.e ’ ) , ’ Cg = ’ num2str (Cg , ’ %.e ’ ) ] ) ;
s e t ( f ig2 , ’name ’ , ’ Neutrino d i s t r i b u t i o n funct ion ’ , ’ numbert i t le ’ , ’ o f f ’ ) ;
xlabel ( ’ $\log_ { 1 0 } ( x)=\ log_ { 1 0 } ( \ f r a c { p } { T } ) $ ’ , ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
ylabel ( ’ $\log_ { 1 0 } ( x^2f_N ( x , r ) ) $ ’ , ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
85 s e t ( gca , ’ FontSize ’ , 1 6 , ’FontName ’ , ’ Times ’ ) ;
hold o f f
%% Compute yield
yieldTimer = t i c ;
90 YS = zeros ( 1 , length ( r ) ) ;
YN = zeros ( 1 , length ( r ) ) ;
Ythermal = zeros ( 1 , length ( r ) ) ;
Fthermal = exp(− sqr t ( 1 0 . ^ ( 2∗ x ) + 1 0 . ^ ( 2∗ r ) ) ) ;
% dont include i=1 values becuse for some reason FN(r,x) contains numerical
95 % inconsistency at r=r(1) values.
for i = 1 : length ( r )
YS ( i ) = hx∗sum ( 4 . ∗ pi . ∗ 1 0 . ^ ( 2 . ∗ x ( : ) ) . ∗ log ( 1 0 ) . ∗ 1 0 . ^ x ( : ) . ∗ FS ( i , : ) ’ ) ;
YN( i ) = hx∗sum ( 4 . ∗ pi . ∗ 1 0 . ^ ( 2 . ∗ x ( : ) ) . ∗ log ( 1 0 ) . ∗ 1 0 . ^ x ( : ) . ∗FN( i , : ) ’ ) ;
100
Ythermal ( i ) = . . .
hx∗sum ( 4 . ∗ pi . ∗ 1 0 . ^ ( 2 . ∗ x ( : ) ) . ∗ log ( 1 0 ) . ∗ 1 0 . ^ x ( : ) . ∗ Fthermal ( i , : ) ’ ) ;
end
c l e a r i ;
105 yieldTime = toc ( yieldTimer ) ;
disp ( [ ’ Yie ld computed in : ’ num2str ( yieldTime ) ’ seconds ’ ] )
% Reset color settings for the last plot
110 co =[0 0 .4470 0 . 7 4 1 0 ;
74
0 .8500 0 .3250 0 . 0 9 8 0 ;
0 .9290 0 .6940 0 . 1 2 5 0 ;
0 .4940 0 .1840 0 . 5 5 6 0 ;
0 .4660 0 .6740 0 . 1 8 8 0 ;
115 0 .3010 0 .7450 0 . 9 3 3 0 ;
0 .6350 0 .0780 0 . 1 8 4 0 ] ;
s e t ( groot , ’ defaultAxesColorOrder ’ , co )
f i g 3 = f igure ;
120 f igure ( f i g 3 ) ;
hold on ;
box on ;
xlim ( [ r ( 1 ) r ( end ) ] ) ;
ylim ([−6 2 ] ) ;
125 plot ( r , log10 ( YS ) , ’−− ’ , ’ LineWidth ’ , 1 , ’ MarkerSize ’ , 1 ) ;
plot ( r , log10 (YN) , ’− ’ , ’ LineWidth ’ , 1 ) ;
plot ( r , log10 ( Ythermal ) , ’−. ’ , ’ LineWidth ’ , 1 ) ;
xlabel ( ’ $\log_ { 1 0 } ( r )=\ log_ { 1 0 } ( \ f r a c {m_S } { T } ) $ ’ , ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
ylabel ( ’ $\log_ { 1 0 } ( \ t i l d e {Y } ) = \log_ { 1 0 } ( Y\ f r a c {\ pi ^2 } {T^3 } ) $ ’ , . . .
130 ’ i n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
legend ( ’ S i n g l e t s c a l a r ’ , ’ S t e r i l e neutr ino ’ , ’ Thermal ’ ) ;
s e t ( gca , ’ FontSize ’ , 1 6 , ’FontName ’ , ’ Times ’ ) ;
hold o f f
135
tota lTime = toc ( to ta lT imer ) ;
disp ( [ ’ Al l computed . Tota l time : ’ num2str ( tota lTime ) ’ seconds ’ ] )
D.2 Boltzmann.m
keywordstyle
function dF = Boltzmann ( F , x , r , hx , Cg , Chp )
%BOLTZMANN contains the collision terms of the Botlzmann equation.
% F = vector containing FS and FN
5 FS = F ( 1 : numel ( x ) ) ;
%FN = F(numel(x)+1:end); %Uncomment for coupled equations
%Scalar PDE
dFS = ( log ( 1 0 ) . ∗ 1 0 . ^ r ) . ∗ ( hhTOss_s ( Chp, 1 0 . ^ x , 1 0 . ^ r ) . . .
10 + ssTOhh_s ( Chp, 1 0 . ^ x , 1 0 . ^ r , FS , hx ) . . .
+ sTOnn_s ( Cg, 1 0 . ^ x , 1 0 . ^ r , FS ) ) ;
%Neutrino PDE
dFN = ( log ( 1 0 ) . ∗ 1 0 . ^ r ) . ∗ sTOnn_n ( Cg, 1 0 . ^ x , 1 0 . ^ r , FS , hx ) ;
15
75
dF = v e r t c a t ( dFS , dFN ) ;
end
D.3 hhTOss_s.m
keywordstyle
function output = hhTOss_s ( Chp , x , r )
% 2-2 collision term from Higgs to scalar for the scalar distribution.
% Returns dim(x)-dim(r).
5 output = Chp . ∗ ( exp(− sqr t ( x ’ . ^ 2 + r . ^ 2 ) ) . / sqr t ( x ’ . ^ 2 + r . ^ 2 ) ) . ∗ r .∗ besselk ( 1 , r ) ;
end
D.4 ssTOhh_s.m
keywordstyle
function output = ssTOhh_s ( Chp , x , r , FS , hx )
% 2-2 collision term from scalar to Higgs for the scalar distribution.
% Returns dim(x)-dim(r).
% FS should be dim(x)-dim(r)
5 % x should be 1-dim(x)
x p _ i n t e g r a l = hx .∗sum ( ( log ( 1 0 ) . ∗ x ’ . ∗ x ’ . ^ 2 . ∗ FS ) . / sqr t ( x ’ . ^ 2 + r . ^ 2 ) ) ;
output = −Chp . ∗ ( 1 . / sqr t ( x ’ . ^ 2 + r . ^ 2 ) ) . ∗ FS . ∗ x p _ i n t e g r a l ;
end
D.5 sTOnn_s.m
keywordstyle
function output = sTOnn_s ( Cg , x , r , FS )
% 1-2 collision term from scalar to neutrinos for the scalar distribution.
% Returns dim(x)-dim(r).
% FS must be dim(x)-dim(r).
5 % x must be 1-dim(x).
% r assumed scalar.
output = −Cg .∗ FS∗ r . ^ 2 . / sqr t ( x ’ . ^ 2 + r . ^ 2 ) ;
end
76
D.6 sTOnn_n.m
keywordstyle
function output = sTOnn_n ( Cg , x , r , FS , hx )
% 1-2 collision term from scalar to neutrinos for the neutrino distribution.
% Returns dim(x)-dim(r).
% FS must be dim(x)-dim(r).
5 % x must be 1-dim(x).
% r assumed scalar.
xp=x ;
% dimensions of this line V
root = abs ( ( 2 . ∗ x .∗ sqr t ( xp ’ . ^ 2 + r .^2)− r . ^ 2 ) . / ( 2 . ∗ x . ∗ xp ’ ) ) ; %xp-x
10 t h e t a = heavis ide (1− root ) ; %xp-x
outer = r . ^ 2 . / x . ^ 2 ; % 1-x
integrand = FS . ∗ log ( 1 0 ) . ∗ x ’ . ∗ x ’ . / sqr t ( x ’ . ^ 2 + r . ^ 2 ) ; %xp-1
inner = integrand . ∗ t h e t a ; % xp-x
inner = hx . ∗sum( inner , 1 ) ; % 1-x
15
output = 2 .∗Cg .∗ outer .∗ inner ;
output = output ’ ;
end
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